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ABSTRACT

The concept of a gradation ditopology on a texture space is introduced as a generalization of a ditopological space on a texture space,
a descending family of ditopological spaces on the same texture space are constructed. Many properties for a gradation ditopological space
are studied, also the concepts of dineighbourhood system, the subspace of the gradation ditopological space, and some separation axioms

for this spaces are introduced.
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INTRODUCTION

The theory of texture spaces was introduced by
L.M. Brown [9] under the name "fuzzy structure".
The basic concept of texture spaces and many results
are appear in several articles [2,3,5,6]. In
Chattapadhyay et al., [11] and Chattapadhyay et al.,
[12] introduced concept of a gradation of openness
which is a generalization of a fuzzy topology on a
non - empty set. In this paper, the concepts of a
gradation ditopological structure is introduced and
many of its properties are studied

2 Preliminaries:

Let S be a non-empty set. A texture @ on S is a
point separated, complete completely distributive
sub-lattice of P(S) with respect to inclusion, which
contains S, ¢ and for which arbitrary meets coincides
with intersections and finite joins coincides with
unions.

If @ is a texturing of S, the pair (S, @) is called a
texture space. In general a texturing of S need not be
closed under set complementation, but it is called a
complemented texture with complementation A if
there exists a mapping .: @ — @

Satisfies A (A (A)) =AVA€e ®oand if ASB, L (B)
cA(A)

In any texture space (S, @), any for every s€ S,
two sets are defined and have an Important role in
the study ditopological spaces Ps and Q. The set P is
defined by
Ps=N { A € @:s € A}and is therefore the smallest

elements of @ containing sand Qs=V {A € ®:s ¢

A} = V{Pu € ¢:u€ S,s & Pu}Also, for any
subset of A of S, the core of A is defined by A°=n
{ U{ A jeJ} A =U{A;:j€]J}} The relation
between these concepts in an: arbitrary texture space
are given in the following theorem.

Theorem 2-1:

[3,5,6,8]: Let (S, @) be a texture space, then:
(LsgA=ACQ=5eA’VSES AED
QA ={s:AZ Q,SES}VAED
(3)For any collection { A; € @:i €/}, (V, Ay’ = U,
AP
(4)A is the smallest element of @ containing A’, V A
EPD
(B)For A Be @,if A & Bthen 3seSs.tA &
Q.and P, & B
BA=N{Q:Psz A}=U{PsAZ Q},VAE
o]

Definition 2-2:

[3,6,8]: Let (S, @) be a texture space. The pair
(7, 0) is called a ditopology on (S, @) if:
) T satisfies the following axioms:
i)p,SET
ii)Gl,GzeTﬁGlmGzeT
G, etvaeI'=>U,G €1

I1) o satisfies the following axioms:
i)o,S€E o

ii)Fl,er O'ﬁFlquE g
iilF, e oVaelr'=nN,F,ea
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Definition 2-3:

[11,12]: Let X # ¢, a mapping ©: | * — | is
called a gradation of openness on X if it satisfies the
conditions:

O)t()=1=1t(1)
(02) T (uy At (ng <7 (A By
(03) T (V, my2A;t(ni), Vierl

Definition 2-4:

[11,12]: Let X # @, a mapping o: | * — I is
called a gradation of closeness on X if it satisfies the
conditions:

(0l)c(0)=1=06(1)

(02) o (k1) Ao () <o (H1V p)

(03) c (/\l I1|) Z/\l o (I.l i)r Vierl

Where | = [0, 1] and | * is the family of all fuzzy sets
on X.

Definition 2-5:

[11,12]: A family {G ;: i € T} is called a
descending family if it satisfies the conditioni<j=
Gj cG i

3 Gradation of ditopological space:

In the following, the concept of a gradation
ditopology, many of its properties and some relations
between the ditopological spaces are studies.

Definition 3-1:

Let (S,®) be a texture space, the pair of
mappings (t, o) where, 1, 6: @ — | is called a
gradation ditopology on the space (S, @) if it satisfies
the conditions:

(GD1) 1 (9)=1=1(S)

(GDZ) T (Al) AT (Az) <1 (Al A Az)
(GDS) T (Vi A i) >Nt (A i): Vier
(GD4) 5 (9) =1 =5 (S)

(GD5) 5 (A1) Ao (A2) <o (AVAY)
(GD6) s (N\; Ay=AN; o (A, VieT

The pair (S, &,1,0) is called a gradation
ditopological texture space.

Proposition 3-2:

Let (t,0)be a gradation ditopology on the
texture space (S, @)

Then, the pair (t , 6 ) is ditopology on the space
(S, @), vr,te(0,1], where
1, ={Ae &:t1(A)>r},o={A€ ®:c(A)>t}

Proof:
(1)Sincet(9)=1=6(p) =0ET,PEG,
Also,1(S)=1=c(S)=S€1,S€0G,

2 LetA,Bet,=1(A),t(B)>r=
T(AAB)2t(A)AT(B)2r=AABET,
Similarly, Let AB€Ec =06 (A),c(B)>2t=
6(AVB)>6(A)Aco(B)>t=AVBEos;
(B)LetAjet,VieT, thent(A)>r=A;t(A))
>r

=>’[(Vl.Ai)Z/\iT(Ai)Zr:>ViAiETr
Similarly, if Fi€c, Vi€T, thenc (Fj) >t
ﬁG(AiFi) ZAiG(Fi) >t

ﬁ/\iFiEGt

Then, the pair (t ,, o () is a ditopology on the
space(S, @), v r, t € (0, 1] and it is called the (r, t) -
level of the space (S, @,1,0).

Remark 3-3:

In general case the gradation of openness t and
the gradation of closeness ¢ on the space (S, @) are
independent. If the following relation between t and
o, T (A) = (A V A € @ holds then, the space
(S,?,1,6) is called a complemented gradation
ditopological space.

Proposition 3-4:

Let (t,0) be a gradation ditopology on the
texture space (S, @)
|f(r1't1)f(r21t2)then’[r2gTrlanthngtl

Proof:

Itis Clearly.
The above proposition show that, the collection { (z .,
o). 1, t € (0, 1] } is a descending family for any
space (S, @, 1,0).

Proposition 3-5:

If{(ti,0;):1i,j€(0, 1] } is a descending family
of ditopologies on the space (S, @). which satisfies
the conditions Ty =N <xtiand 6 k= N j<xoj, then
the pair (1, o) is a gradation of ditopology on (S, @),
where t (A) =V {i: A€et;}ando (A) =V {j: A€
6j}

Proof:

(1) Since o, Se€T;ViThen 1(S)=1=1(9)

(2) Let A, A, € @ and suppose that T (A1 A A ) <
T (A1) At (A>), then there exists r € (0, 1] such that
T(ALANA) <r<t (A At (A, impliesthat A, A
2 €1y, consequently A;AA, et butt (AL AA)Y)
< r which implies A; A A ; € T, which contradiction.
(3) Let { A i € (0, 1] } be a family of sets of the
space (S, @) and suppose that T (V, Ay <A; T(A)) <
T (Aj) Vie€ (0, 1] then, there exist r € (0, 1] such that
t(V, Ay<r <t (A;) which impliesthat A; €, Vi,
soV, A€t Consequently r <t (V, A which
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contradicts that © (V, Ay <, then A; T (Ay) <t (V,
Aj

He)nce, T is a gradation of openness on the space
(S, @). Similarly we can show that ¢ is a gradation of
closeness. Then, the pair (r, o) is a gradation
ditopology on (S, @) generated by the family { (t;, o
)i, je (0, 1] }.

4 Subspaces of a gradation ditopological space:

Since the restriction of a texture structure on a
non -empty subset is also a texture structure, then we
have

Lemma 4 -1:

Let (S, @) be a texture space and let A be a non
—empty subset of S then, the family &, = {H N A:
He @} is a texture on the set A and the pair (A,
@, ) is called a texture subspace of (S, ®).

Definition 4-2:

Let (t, p) be a gradation di-topological structure
on a texture space (S, @) and, let A be a non-empty
subset of S. Define the mappings T o: @, — |, 6 A
@, — | as follows:
1A(G)=V{tH):HNA=G HE &}
oa(F)=V{oH):HNA=F,He &}

Proposition 4-3:

Let (1, o) be a gradation ditopological structure
on a texture space (S, @), and let A# ¢, A € S.
Then, the pair (t 5, 06 A) is a gradation ditopological
structure on the texture subspace (A, @,).

Proof:

(0 1) Since t (¢) = 1 implies t A (9) = 1. Also,  (S) =
limpliesta (A)=1
(OZ)TA(GlﬂGz)=V{r(H):HﬂA=GlﬂGz,
He ¢}

Suppose that, o (G1 N G ) <ta(G) ATA (G )=
3r € (0, 1) such that
TA(G1NG)<r<ta(G)Ata(G>)
=1ao(G)>randtA(G,)>r=3IH ,H,eds.
tHiNA=Gy,
HNA=G,t(Hy)>randt(H,y)>r
zr(HlﬂH2)>r,(HlﬂH2)ﬂA=GlﬂGz

= 1 (G1 N G,) >rwhich is contradiction. So,
TA(GiNG)21A(G)ATA(G?)

(0 3) By the definition of the gradation of openness
W (V, Gy =V {z(H): HhA=V,G;, HE ¥}
Suppose that, o (V, Gi) <Ai(ta(Gi) =31 € (0,
1)s.t
TAlV,G)<r<Ai(ta(G))=r1a(G)>rvi
=>EIHiECDS.tHiﬂA:Gi,r(Hi)>rVi
ﬁT(ViHi)E/\iT(Hi)EI', (Vl.Hi)ﬂA=Vl.Gi

=3 H0=Vl.Hi €<Ds.tr(H0)2r,HoﬂA=Vl.G
I

= 14 (V, G ) = r which is contradiction. So t 4 (V,
Gi)>2A;i(ta(Gy) Thus t A is a gradation of
openness on the space (A, @, ). The rest of the proof
is similarly. The space (A, @, ta, o) is called a
subspace of the gradation ditopological texture space
(S, @, 1, 0).

Theorem 4-4:

If (r, o) is a complemented gradation
ditopological structure on a texture space (S, @),
then for every r € (0, 1],the pair (t ,, o ) is a
complemented ditopological structure on (S, @).

Proof:

Let (S, @, 1, 6) be a complemented gradation
ditopological space A€ 1, <> 1 (A)>1 < o6 (A
>r<> A°€c,Vre(0,1]So, (S, ® 1,0, isa
complemented ditopological texture space.

Theorem 4 -5:

If the collection { (t ., o ): r € (0, 1] } is a
descending of a Complemented ditopologies on the
texture space (S,®). Then the pair (r, o) is
acomplemented gradation ditopological structure on
a texture space (S, @), where t (A)=V {r.Ae,}
ando (A)=V{r.A€oc,}

Proof:

(1) Forevery A€ &, 1 (A)=V {r. A€, }then,
we have T(A)=V{rAet, }=V{rA°ec, }i
e 1 (A) = o (A°. Hence, the pair (t, o) is
complemented gradation ditopological structure on
the space (S, ).

Examples:

[1] A gradation ditopology (t, ) on the space (S, @)
is called a discrete structure Ift (A) =1V A€ @
and it is called a codiscrete structure
Ifc(F)=1VFeo®

[2] A gradation ditopology (t, ) on the space (S, @)
is called indiscrete structure

. _r1 ifA=0orS

ifr(A)={ 0 otherwise

and it is called co-indiscrete structure if

_s1 ifF=0QorS

o(F)={ 0 otherwise

[3] Let S={a, b, c}, @ = {¢, S, {b}, {a, b}, {b, c},
{c}} define a maps
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(lifA=0QorS

1 ..,
T,0.® —lbyt(A)= 1ElfA_{b}
ElfAz{a,b}

0 otherwise

And 6 (A)

1 ifF=QorS

% otherwise

Then, (t, o) is a gradation ditopology on the texture
space (S, @) if r = 1/3, then the pair (t,, 6 ) is a
ditopology on (S, @) where T, = { o, S, {b}, {a, b} },
o=@

Definition 4-6:

On the texture space (S, @). The pair (t, o) is
called:
[1] di-discrete if T is discrete and o is co-discrete.
[2] di-indiscrete if t is indiscrete and o is co-
indiscrete.

Proposition 4-7:

A subspace of a gradation di-discrete (resp. di-
indiscrete) di topological space is a gradation di-
discrete (resp. di-indiscrete) space.

Proof:

It is obvious. In the following, we study some
properties for the gradation ditopological texture
space.

Definition 4-8:

Let (1, o) be a gradation di-topology on the
texture space (S, @).
For every r € (0, 1], the space (S, @, 1, o) is called:
(i) r -compact if whenever S = V;¢; G, (G >r,r
€ (0, 1]
= J finite subset Kof Js. tS= V, ¢ G
(i) r - co-compact if whenever N;¢; Fi=¢, 0 (F) >
r
= I finite subset K of Js. t Nyex Fi= @
(iiiysr-stableif vFe®d, 6 (F)>r,F#Siss -
compact
i.ewhenever F € U;; A, 1 (Aj) >
= I finite subset Kof Js. tF S U, A
(iv) sr-co-stable if v FeE &, t (F) >r, F#S is s -co-
compact
i.e whenever N;; Fi€F, o (Fi)>s
= 3 finite subset Kof Js. t N;ex Fi S F

Proposition 4 -9: Let (1, o, y) be a complemented
gradation ditopology on the complemented texture
space (S, @, v).Then

(i) (S, @, 1, 5, y) is r-compact iff it is r-co-compact
(ii) (S, @, 1, 0, v) is sr - stable iff it is sr- co-stable

Proof:

(i) (=)Let (S, @, 1, o, 7) is r-compact and

let Ny Fi=o, 0 (Fi)=>r

=S=U;g F)t(F)=r

= 3 finite subset K of Js.t S = U;ex (F )

= 3 finite subset K of Js.t Nyex Fi= 0

= it is r —co-compact

(<) By a similar way

(ii) Let (S, @, 1, 0, y) issr - stable and A€ @, T (A)
>r, and suppose N, FiSA o (F))>s=A°‘c
(Nig F)°

ZUie; F)S1(F)°=0(F)=s

= 3 finite subset K of Js. t A= U;cx (F)°

= 3 finite subset Kof Js.t Nyex FiS A, 0 (Fi) =>s
= it is s- co-stable. The converse is similar

5 A Gradation dineighbourhood systems:
Definition 5-1:

Let (tr, o) be a gradation ditopology on the
texture space (S, @)

(1) If s€ S°, Ne & is called r-neighbourhood of s if
3GE @s5.t1(C)>r,psSGENZQ;

(ii) If s€ S", M € @ is called t-co-neighbourhood of
sIfiFe &sto(R2t,p;, EMEFEQ;,

We denoted the set n,. (S) = { N € &: Nisr-
neighbourhood of s } and the seté, (s) ={F e &:F
is t- co-neighbourhood of s } and We refer to the
pair (n, (s), & (s)as the (r, t) di-neighbourhood
system of a point s € S” with respect to the space (S,
?, 1, 0).

Theorem 5-2:

For a gradation ditopology (t, c)on the texture
space (S, @),
Then We have:
For each s€S" the family 7, (s) satisfies the
following conditions: [1]
) n- ) %0
(i) Ne 7, () =>NZLQ;
(iii) Ne 1, (), NS M = MEe n, (5)
(VN N.ED (N NN, Z2Q,=N;NN
2€ 17y (S) . . .
(VNEn (S)=3IN €S,p;EN SNs.tN £0Q
(andN e n, ) vVtes®
[2] For each s€S the family &, (s) satisfies the
following conditions:
) &G #o
(IYMEe S (5)=psEM
(iYMe & S, NS M=NE & (s)
(V) My, M2 € & (5) =M UM € & (9)
VMMe & (s)=3IM eSS McEM cQstP, &
M* M€ & (s)VEES

Proof:

It is obvious
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Definition 5-3:

Let (t, o)a gradation di-topology on the texture
space (S, @) And A €S We define two operators
int,, cl,: @ > @by int, A)=V{Ge &:1(G) >
r,GeEA}and cl, (A)=A{Fe &:6 (R 2t AC
F}

Proposition 5-4:

Let (t, o)a gradation ditopology on the texture
space (S, @), then the two operators
int,, cl, satisfies the following conditions:

(@) int, (¢) = @, int, (S) =S

(ii) int, (A) S A

(iif) Ac B = int, (A) S int, (B)
(iv) int, int, (A) = int, (A)

(M1 @) cle (9) =9, ¢l (S) =S

(i) cl. (A) 2 A
(iiAcB=cl, (A) ccl, (B)
(iv) cl; cl; (A) =cl; (A)

The set int, (A) is called the interior of A with r-
degree of openness, and the set cl, (A) is the closure
of A with t — degree of closness

Proof:
It is clear
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