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ABSTRACT

Fuzzy linear programming problems FLPP play an important role in modeling process, as we can formulate
uncertainty arises in real life situations and deal with this vagueness. Then the decision maker will be able to
find the optimal solution of the optimization problem. In this paper, we deal with the FLPP with fuzzy variables
and also the right hand sides of the constraints are considered as fuzzy numbers. We solve this type of problems
by converting it into crisp multi objectives linear programming problems. Two numerical examples are
presented to illustrate the method.
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Introduction

In real world any linear programming model involves parameters whose values are assigned by experts.
However, they usually cannot assign exact values to these important parameters. The decision maker has to deal
with uncertainty. Representing these parameters as fuzzy data and dealing with them using the concepts of fuzzy
theory seems to be the most suitable way to face the problem of uncertainty. The formulation of fuzzy linear
programming problem FLPP was introduced by Zimmermann (1978). Many researchers considered various
types of FLPP and solve these problems using different methods. The most common methods are based on
comparison between fuzzy numbers using ranking functions (Campos and Verdegay (1989), Mahdavi and
Nasseri (2007) and Maleki et al. (2000). In such methods we define a crisp equivalent model and use its optimal
solution as the optimal solution of the FLPP. Senthilkumar and Rajendran (2010) solve the FLPP with fuzzy
variables in parametric form. In this paper, we consider the case of FLPP with fuzzy variables and the right hand
sides of the constraints are also considered as fuzzy numbers. But first we have to review some necessary
backgrounds of fuzzy arithmetic which will be used in our work.

Preliminaries:
Definition (1):

Let E be a referential set (for example R or Z), a fuzzy subset A will be defined by its characteristic
function, called the membership function, which takes its value in the interval [0, 1] instead of the binary set {
gi}E: ua¥) € [0, 1]

Definition (2):

A fuzzy subset A € R is convex if and only if

X1, X2 € R pa[Axy + (1- M)xa] = pa(Xe) A pa(X2)
re[0,1]

Definition (3):

A fuzzy subset A € R is normal if and only if
xeR Vg Ha(X) =1

Definition (4):

A fuzzy number is a fuzzy subset that is convex and normal.
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Definition (5):

A fuzzy number A is called R-L fuzzy number if its membersip function possesses the following properties:
ua(x) is a continuous function from R to the closed interval [0, 1];

pa(x) =0, for all x € ] -0, a[ U ]d, oo[;

ua(X) is strictly increasing for all x € [a, b];

ua(X) is strictly decreasing for all x € [c, d];

ua(x) =1, for all x € [b, c];

Where a, b, ¢ and d are real numbers. This number can be denoted by A =[a, b, c, d].

A fuzzy number A is a triangular fuzzy number denoted by (a;, a,, as) if itsmembership function i, is given

by

agrwdE

(x—a1)/ (22— ) QXA
Ha(x) = { 1 X=ap
(ag—X)/(ag—az) Pp<x<ag

A fuzzy number A is a trapezoidal fuzzy number denoted by (a;, ay, as, a,) if its membership function pa is
given by

(x-a) /(a2 -a) a<x<a
Ha(¥)= {1 a, <x <ag
(s —x)/ (2 —a3) a3<x<ay

Obviously they are both special kinds of R-L fuzzy numbers.
Definition (6):

Any fuzzy number A can be written in its parametric form as an ordered pair of functions (a,(a), ar(a)), 0 <
a < 1, where a, (o) is a bounded left continuous non decreasing function over [0, 1], ag(c) is a bounded right
continuous non increasing function over [0, 1] and a, (o) < ar(e), 0 <o <1.

Fuzzy Linear Programming:

Consider the following linear programming problem:

Where the coefficient matrix A = (ajj)mxn and the vector C = (cy, Cy,...... , Cn) are having crisp values, while
Xand B are fuzzy vectors.

Definition (7):
A fuzzy vector X is a feasible solution of the FLPP if it satisfies the systemA X < BX > 0.
Definition (8):

A feasible  solution  fuzzy vector X  that optimizes the  objective  function
Z = CX is the optimal solution to the FLPP.

Finding the Optimal Solution of FLPP:

We have discussed that any fuzzy number can be written in its parametric form as an ordered pair of
functions (a_(a), ar(a)), 0< o < 1. In our case if we consider a triangular fuzzy number B = (by, b,, b3), then
writing it in the parametric form

B=((l(b2-b1)+b1, b3—(l(b3-b2)),0§(l§1.

The given FLPP can be divided into several auxiliary FLPP at different values of o, each of them becomes
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crisp linear programming problem which may be solved by the simplex method. Then using the solutions
obtained to find the optimal solution to the FLPP. Rewriting the FLPP in the parametric form

Max. Z = C]_(X]_L, X]_R) + C2(X2|_, X2R) o + Cn(XnL, XnR)-
Subject to
ai1(X1L, X1r) + @i2(XoL, X2R) *.vvievnns + jn(XnL, Xng) < (bie, big), 1=1, 2,..., m.

XL, Xjg =20,j=1,2,...,n.

Obviously the values of X, X;r, biL and bir depend on the value of a we set. At each value of o where 0 < a
<1, we obtain a crisp linear programming problem. For example if we set a = 0, we have the following linear
programming problem
Max. Z\=c; X9, + X3 + -+ + c,x%, Max. Zg = ¢y X% + cx9p + -+ cnx
Subject to

i Xjy + appxgy + o+ apXy, < by
ajXir + appXp + o+ apXpr < b
Xjl,xx =0 Foralli=1,2,...,mandj=1,2......,n
The following numerical example is used to illustrate the described method.
Numerical Example (1)

A farmer owns a farm which produces corn, soybeans, and oats. There are nearly 12acres of land available
for cultivation. Each crop has certain requirements for labor and capital. These data along with the net profit are
given in Table (1).

Table 1: Labor, capital and net profit for each crop.

Crop (per acre) Labor (hrs.) Capital ($) Net profit ($)
Corn 6 36 40
Soybeans 6 24 30
Oats 2 18 20

The farmer has about $360 for capital and nearly 48 hours available for working these crops. It is required
to find how much of each crop should be planted to maximize the farmer's profit.
First, each vague data are represented by a triangular fuzzy number as follows:
nearly 12 acres — (11,12, 13)
about $360 — (340, 360, 370)
nearly 48 hours — (45,48, 50)
Second, let Xy, X, and X3 the planted area with corn, soybeans and oats respectively. Now the FLPP could be
written
Max. Z = 40 x; + 30 x, +20 X3
Subject to
6X1+6X2+2X3S(45,48,50)
36 X1 + 24 X, + 18 X5 < (340, 360, 370)
Xi+ X + X3 < (11, 12, 13)
X1, X2, X3 >0
Converting this FLPP into a crisp multi objective linear programming problem
Max. Z]_ =40 X+ 30 XoL + 20 X3|_& Zz =40 X1r + 30 XoRr + 20 X3R
Subject to
66X +6Xy +2X3 <3 a+45
6 X1+ 6 Xort+2X3r<50-2 0
36 X1+ 24 X5 + 18 X3 <20 0.+ 340
36 X1r + 24 Xop + 18 X3r <370 - 10 a
XL+ Xor + Xz <a+ 11
XiR+ X+ X< 13 -0
XiLy X1R, XLy X2R, X3L, X3r = 0
0<ax<1
The multi objective linear programming problem was solved for different values of o, and the obtained
results were arranged in Table (2).

Table 2: Results of solving the crisp linear programming problem.
0

o 0.5 1
XL 5.25 5.5 5.75
Xir 6 5.875 5.75
XoL 0 0 0
XoR 0 0 0
X3L 5.25 5.625 6
X3r 7 6.5 6
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That means that the optimal solution of the original FLPP is x; = (5.25, 5.75, 6), X, = (0, 0, 0), x5 = (5.25, 6,
7) and the corresponding value of the net profit will be Z = (315, 350, 380).

In the previous example the right hand side coefficients in the constraints (i.e. b;) were triangular fuzzy
number, however in the next example we will identify the method of solving the problem in case of general
fuzzy numbers.

Numerical Example (2):
A factory produces two products: Product P; of 2$ net profit per unit and product P, of 6$ net profit per

unit. The numbers of needed labor hours per unit for each product as well as the required amount of supply
material are illustrated in Table (3).

Table 3: Data for the factory products.
Product Labor hours per unit Supply material
Py 2 1
P, 3 4

If the available supply material is nearly 99 units and there are about 119 hours available for working. How
many units should be produced for each product to maximize the net profit?
First, each vague data are represented by a fuzzy number as follows:
nearly 99 units — b; = 99 +sin*a
about 119 hours — b2 =119 +sin’a
where 0 <a<1.
Second, let x;, X, be the number of produced units of product P; and P, respectively. Now the FLPP could
be written as follows
Max.Z=2X; +6 X,
Subject to
X1+ 4%, <99 + sin’a
2 X3+ 3%, <119 +sin™a
X1, X2 >0
Converting this FLPP into a crisp multi objective linear programming problem
MaxX. Z; =2 Xq + 6 X5, & Z, = 2 X4 + 6Xor
Subject to
Xy + 4 X < (99 + Sin-l(l )|_
Xigr + 4 Xor < (99 + SinEl(l)R
2 XL+ 3 XoL < (1 19+ sin_la)L
2 Xig + 3 Xor < (119 +sino)g
X1, X1r, Xor, Xor =0
0<ax<l1
Solving this problem for different values of o, we obtain the results arranged in Table (4).

Table 4: Optimal solution of the crisp LPP.

o XL X1r XoL Xor
0.1 35.82 102.04 15.82 0
0.2 35.84 101.19 15.84 0.19
0.3 35.86 100.37 15.86 0.37
0.4 35.88 100.35 15.88 0.35
0.5 35.90 100.32 15.90 0.32
0.6 35.93 100.30 15.93 0.30
0.7 35.96 100.27 15.96 0.27
0.8 35.99 100.24 15.99 0.24
0.9 36.04 100.20 16.02 0.20
1.0 36.11 36.11 16.11 16.11

Obviously the 2™ and 3™ columns in Table (4) represent the optimal values of fuzzy variable x, at different
values of parameter a, Similarly the 4" and 5™ columns represent the optimal values of fuzzy variable x, at
different values of parameter a.

Conclusion:
In this paper, a method to solve fuzzy linear programming problems was introduced. It aims to convert the

fuzzy linear programming problem into crisp multi objective linear programming problems. Two numerical
examples were solved to illustrate the method.
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