
Journal of Applied Sciences Research, 7(2): 102-110, 2011
ISSN 1819-544X
This is a refereed journal and all articles are professionally screened and reviewed

ORIGINAL ARTICLES

102

Corresponding Author: Rahim Saneifard, Department of Mathematics, Islamic Azad University, Oroumieh Branch,
Oroumieh, Iran.
E-mail: srsaneeifard@yahoo.com

A Modified Method For Defuzzification By Probability Density Function

1Rahim Saneifard and 2Rasoul Saneifard

1Department of Mathematics, Islamic Azad University, Oroumieh Branch, Oroumieh, Iran.
2Department of Engineering Technology, Texas Southern University, Houston, Texas, USA.

ABSTRACT

We are concerned with the problem of selecting a crisp element based on information provided by a fuzzy
set, a problem which manifests in the defuzzification step in fuzzy logic controllers. In this study, we suggest
a new approach to the problem of defuzzification using the probability density function of fuzzy numbers.
Some preliminary results on properties of such defuzzification are to be reported. Therefore, by the means of
this difuzzification, this article aims to use the concept of Mellin transform of fuzzy number, and introduces
a new approach to defuzzify a fuzzy quantity. The basic idea of the new method is to obtain a method to rank
fuzzy number which a fuzzy quantity is related to.
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Introduction

The concept of fuzzy sets as introduced is widely used in many different fields today, ranging from control
applications, robotics, image and speech processing, biological and medical sciences to applied operation
research and expert systems. Most of these applications can be regarded as systems with numerical input (e.g.
sensor data) and numerical output (e.g. voltages). Internally these systems work with fuzzy values, which have
to be mapped to non-fuzzy (crisp) values after processing. This conversion is called defuzzification. Various
defuzzification methods have been proposed in (Roychowdhury, et al., 2001; Leekwijck, et al., 1999; Kosko,
1992). The most popular methods are the center of gravity method and the mean of maxima method, which
are computationally inexpensive and easy to implement within fuzzy hardware chips although a full scientific
reasoning has not been established. Many researchers attempted to understand the logic of the defuzzification
process. Yager and Filev contributed to the process of defuzzification from the perspective of invariant
transformation between different uncertainty paradigms, including basic defuzzification distribution (Filev, et
al., 1991; Yager, et al., 1994), semi-linear defuzzification (Yager, et al., 1993) and generalized level set
defuzzification (Filev, et al., 1993). They all can be seen extention of the center of gravity method. Similarly,
Roychowdhury and Wang (Roychowdhury, et al., 1996) attempt to understand the defuzzification problem from
the scope of optimal selection of an element from a fuzzy set. They used the concepts of interaction,
variability, and voting techniques to compute an optimal solution. The authors (Genther, et al., 1994) proposed
a fuzzy clustering based defuzzification method. Ezzati (Ezzati and Saneifard, 2010), proposed a defuzzification
method with most typical values. Saneifard (Saneifard, 2010) proposed a method for defuzzification with
weighted distance. Smith (Smith, 1994) proposed a dynamic switching defuzzification method for fuzzy control.
Ming Ma (Ma, et al., 2000) proposed a defuzzification method with the “nearest” symmetric triangular fuzzy
number of a fuzzy set. Mabuchi (Mabuchi, 1993) proposed a procedure to defuzzify fuzzy subsets and interval
values by employing the concept of sensitivity analysis with a kind min-max principle. Leekwijck and Kerre
(Leekwijck, et al., 2001) proposed a continuous maxima defuzzification method. Saneifard (Saneifard, 2010)
proposed weighted distance method for defuzzification and used it for solving fuzzy linear equations system.
They are also researchers who tried to build an axiomatic foundation for the defuzzification theory (Runkler,
et al., 1993; Thiele, et al., 1998). They are also researchers on the fast computation of the center of gravity
defuzzification method (Wang, et al., 2000; Broekhoven, et al., 2006). It should be noted that with the
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developments of intelligent technologies, some adaptive and parameterized defuzzification methods that can
include human knowledge have been proposed. Saneifard (Saneifard, 2010; Halgamogeet, et al., 1996) used
neural networks for defuzzification. Song (Song, et al., 1996) proposed an adaptive learning defuzzification
technique. Yager (Yager, 1996) proposed a knowledge based defuzzification process become more intelligent.
Similar to the methods of Yager and Filev (Filev, et al., 1991; Yager, et al., 1993,1994), Jiang and Li (Jiang,
et al., 1996) also proposed a parameterized defuzzification method with Gaussian based distribution
transformation and polynomial transformation, but it is mainly based on intuition and there is no explicit
decision making meaning for these parameters. For more comparison details on most of these methods.
Although so many defuzzification methods have been proposed so far, no one method gives a right effective
defuzzified output. The computational results of these methods often conflict, and they don’t have an uniform
framework in theoretical view. We often face difficulty in selecting appropriate defuzzification methods for
some specific application problems. Most of the existing defuzzification methods tried to make the estimation
of a fuzzy set in an objective way. However, an important aspect of the fuzzy set application is that it can
represent the subjective knowledge of the decision maker, different decision makers may have different
perception for the defuzzification results. This article proposes here a method to use the concept probability
density function of a fuzzy number, so as to find the order of fuzzy numbers. This method can distinguish the
alternatives clearly. The main purpose of this article is that, this defuzzification of a fuzzy number can be used
as a crisp approximation of a fuzzy number. Therefore, by the means of this difuzzification, this article aims
to present a new method for ranking of fuzzy numbers. In addition to its ranking features, this method removes
the ambiguous results and overcome the shortcomings from the comparison of previous ranking. The paper is
organized as follows: In Section 2, this article recalls some fundamental results on fuzzy numbers. In Section
3, the modified defuzzification method is proposed. In this Section some theorems and remarks are proposed
and illustrated. Examples and applications of this study are carried out in section 4. The paper ends with
conclusions in section 5.

2. Preliminaries

The basic definition of a fuzzy number given in (Heilpern, 1992; Kauffman, et al. 1991; Saneifard, 2009)
as follows:

Definition 2.1.

Let be a universe set. A fuzzy set A of U is defined by a membership function                 , where 

      indicates the degree of x in A.

Definition 2.2.

A fuzzy subset A of universe set U is normal iff                     .

Definition 2.3. 

A fuzzy subset A of universe set U is convex iff 

                    , where denotes the minimum operator.

Definition 2.4.

A fuzzy set A is a fuzzy number iff A is normal and convex on U. The set of all fuzzy numbers is
denoted by F.

Definition 2.5. 

A triangular fuzzy number A is a fuzzy number with a piecewise linear membership function μA defined
by:
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  (1)

which can be denoted as a triplet           .

Definition 2.6. 

A trapezoidal fuzzy number A is a fuzzy number with a membership function μA defined by:

  (2)

which can be denoted as a quartet               .

Definition 2.7. 

An extended fuzzy number A is described as any fuzzy subset of the universe set U with membership
function μA defined as follows:

(a) μA is a continuous mapping from  to the closed interval [0,ω],0 < ω #1.
(b) μA (x)=0, for all xε(-4a1).
(c) μA is strictly increasing on [a1, a2].
(d) μA (x)=ω, for all x ε [a2 , a3], as ω is a constant and 0<ω #1.
(e) μA is strictly decreasing on [a3, a4]. 
(f) μA (x)=0, for all x 0[a4 + 4.

In these above situations a1, a2, a3 and a4 are real numbers. If a1 = a2 = a3 =a4 A becomes a crisp real
number.

Definition 2.8 

The membership function μA of extended fuzzy number A is expressed by

  (3)

where                   and                    .

Based on the basic theories of fuzzy numbers, A is a normal fuzzy number if ω=1, whereas A is a non-
normal fuzzy number if 0<ω#1. Therefore, the extended fuzzy number A in Definition (3) can be denoted as
(a1, a2, a3, a4, ω). The image -A of A can be expressed by (-a1, -a2, -a3, -a4, ω) (Kauffman, et. 1991).

With Zadeh’s extension principle, the arithmetic operation of fuzzy sets especially the fuzzy numbers can
be defined. Here, this article recalls the two simplest cases of scalar addition and scalar multiplication. For the
fuzzy  set  with  membership  function μA(x),  the  membership  function of scalar addition A+c and scalar

multiplication kA(k…0) are μA+c (x) = μA(x-c) and             , respectively.

3. Defuzzification With Probability Density Function From Membership Function 



105J. Appl. Sci. Res., 7(2): 102-110, 2011

Let A=(a1, a2, a3, a4) is an arbitrary fuzzy number. The function f1 defined by                   , where

                     is a probability density function associated with A.

Remark 2.1.

Note that we obtained c1 by the property that                 .

3.1. The Mellin transform

It is known that to any probability density function with finite support is associate an expected value. In
this article, the researchers use the Mellin transform to find this expected value.

Definition 3.1.(Yoon, 1996) 

The Mellin transform Mx(s) of a probability density function f(x), where x is positive, is defined as

Whenever the integral exist. Now it is possible to think of the Mellin transform in terms of expected values.
Recall  that the expected value of any function g(x) of the random variable X, whose distribution is f(x), is

given by                         .

Therefore, it follows that 

Hence                     . Thus, the expectation of random variable X is                 .

Remark 2.2.

Let                     is a arbitrary triangular fuzzy number, the density function f(x) corresponding to

A is s follows:

  (4)

The Mellin transform is then obtained by:

                                (5)
and 

  (6)

4. Ranking Fuzzy Numbers by the Mx(.)

In this section, the researchers will propose the ranking of fuzzy numbers associated with the probability
density function approximation. Ever, the probability function can be used as a crisp approximation of a fuzzy
number, therefore the resulting approximation is used to rank the fuzzy numbers. Thus, Mx(.) is used to rank
fuzzy numbers.
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Definition 4.1.

Let A and B0F be two fuzzy numbers, and Mx(A) and Mx(B) be the probability density function
approximation of their. Define the ranking of A and B by Mx(.) on F, i.e.

(1) Mx(A)< Mx(B) if only if A—B,
(2) Mx(A)< Mx(B) if only if A™B,
(3) Mx(A)< Mx(B) if only if A-B, 

Then, this article formulates the order     and     as A     B if and only if A ™ B or, A - B, A    B if











and only if A— B or A - B. This article considers the following reasonable axioms that Wang and Kerre (2001)
proposed for fuzzy quantities ranking.

Let M be an ordering method, S the set of fuzzy quantities for which the method M can be applied, and
A a finite subset of S. The statement two elements A and B in A satisfy that A has a higher ranking than  B
when M is applied to the fuzzy quantities in A will be written as A ™ B by M on A. A - B by M on A, and

         by M on A are similarly interpreted. The following proposition shows the reasonable properties of theA B
ordering approach M.

Let S be the set of fuzzy quantities for which the nearest point method can be applied, and A and A are
two arbitrary finite subsets of S. The following axioms hold.

A1. For A 0 A,A . A by M on A. 

A2. For           ,        and  by M on A, we should have A-B by M on A.

A3. For               ,        , and        by M on A, we should have        by M on A.

A4. Let A, B, A+C and B+C be elements of S. If        by M on {A, B}, then               by M on {A+C,
B + C}.

AN4. Let A, B, A + B and B+C be elements of S. If A—B by M on {A,B}, then A+C—B+C by M on {A+C,
B + C}.

Remark 4.1. 

Ranking order Iw has the axioms A1, A2,...,A4

Remark 4.2. 

If       , then             .

Hence, this article can infer ranking order of the images of the fuzzy numbers. 
To present rationality of this method, some examples are proposed to illustrate these methods and

compared with others method. (Saneifard, 2010; Saneifard et al. 2007; Ezatti, et al. 2010; Allaviranloo, et. al
2010).

Example 4.1. 

Consider following sets:

Set 1: A= (-12,1,1,2,1), B= (-1.91,2,2,1,1) and C= (-6,0,0,1,1).
Set 2: A= (-4,1,1,2,1), B= (-1.75,0.25,1.25,1) and C = (-7,2,2,3,1).

Set 3:                          B = (-0.1,0,0,0.1,1), and 

Set 4: A = (-5,2,2,3,1), B = (-1,-1,-1,1,), and C = (-1,0,0,1,1).
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In Set 1, By Abbasbandy  and Hajjari method, the ranking order is A-B-C. It is shortcoming of
Abbasbandy  method, because is not consistent with human intuition. But our method has the same result as
other methods, which has not the shortcomings mentioned above and its A—C—B. (see Fig. 1). In set 2, A-B-C
is the result of Distance minimization which is unreasonable. The result of proposed method is B—A—C which
is similar to the result of Wang method, but result of Abbasbandy method is B—C—A. As so set 3, Wang and
Lee’s method cannot rank the general fuzzy numbers B,C. Finally, in set 4, we have B—C—A, which similar
to the result of Abbasbandy and Hajjary and Distance minimization method, but for Wang et al. method is
B—A—C method. But again, Wang and Lee’s method cnnot rank the general fuzzy number B. From Fig. 4, it
is easy to see that the ranking results obtained by existing methods are unreasonable and are not consistent
with human intuition.   

Fig. 1: Set 1 of example1

Fig. 2: Set 2 of example1

Authors Fuzzy number Set 1 Set 2 Set 3 Set 4o
Wang A 0.0 1.2 0.43 1.8

B 6.5 4.0 0.58 0.0
C 2.5 0.0 0.54 3.1
Results A—C—B C—A—B A—C—B B—A—C

Abbasbandy and hajjari A 0.0 0.6 0.5 3
B 0.0 0.1 0.3 -1.6
C 0.0 1.3 0.2 0
Results A-B-C B—A—C C—B—A B—C—A

Wang and Lee A -3 -0.03 - -
B -0.25 -0.06 - -
C -1.37 -0.6 - -
Results A—C—B C—B—A

Asady and Zendehnam A -2 0 0.08 0.5
B -0.1 0 0 -0.5
C -1.3 0 0.02 0
Results A—C—B A-B-C B—C—A B—C—A

Saneifard A -3 -0.33 0.001 0
B -1.66 -0.08 0 -0.3
C -0.24 -0.66 0.002 0
Results A—C—B C—A—B B—A—C B—A—C
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Fig. 3: Set 3 of example1

Fig. 4: Set 4 of example1

Example 4.2. 

Consider the triangular fuzzy number A = (1,2,2,5,1), and the general number, B = (1,2,2,4,1), shown in
Fig. 5. The membership function of B is defined by

2

2

1 ( 2) [1,2],

1
( ) 1 ( 2) [ 2,4],

4
0 .

x when x

B x x when x

otherwise

   



   




Fig. 5: 

In Liou and Wang's ranking method, different rankings are produced for the same problem when applying
different indices of optimism. In Sign Distance method with p=1, dp(A,A0) =5, dp(B,A0) = 4.78, and with p=2,
dp(A,A0) = 3.91, dp(B,A0) = 3.80, the ranking order A™B is obtained. In Chu and Tsao ranking method, there
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is S(A) = 1.24 and S(B) = 1.18, therefore, A™B. By using this new approach, there is Mx(A) = 4.61 and Mx(B)
= 3.90 Thus, the ranking order is A™B, too. Also, the result of Distance Minimization method, was similar to
this method. Obviously, this method can also rank fuzzy numbers other than triangular and trapezoidal, and
compared to Liou and Wang's method. Along with method of Chu and Tsao, this method produces a simpler
ranking result.

All the above examples show that the results of this method are reasonable results. This method can
overcome the shortcoming of other methods.

Conclusion:

Fuzzy systems have gained more and more attention from researchers and practitioners of various fields.
In such systems, the output represented by a fuzzy set sometimes needs to be transformed into a scalar value,
and this task is known as the defuzzification process. Several analytic methods have been proposed for this
problem, but in this paper, the researchers suggest a new approach to the problem of defuzzification using the
probability density function of fuzzy numbers. In this study some preliminary results on properties of such
defuzzification reported.
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