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Simulation of Natural Convection in an Inclined Square Cavity with Two Wavy Walls

Khudheyer S. Mushatet

College of Engineering, Thiqar University Nassiriya, Iraq

Abstract: The current numerical study is performed to simulate the laminar natural convection heat
transfer and fluid flow inside an inclined complex-shaped square cavity. The cavity is differentially heated
with two vertical wavy walls while the top and bottom walls are insulated. A curvilinear coordinates
generation system is used to transfer a physical space in to a computational one. The Navier-Stokes and
energy equations are solved using stream function and vorticity method with an alternate difference
implicit scheme(ADI). The effect of inclination angle, amplitude and number of undulations on heat
transfer and fluid flow has been investigated for Ra=105. The obtained results show that the rate of heat
transfer is increased with the increase of number of undulation, angle of inclination and Rayleigh number.
Also the results show that the increase of the cavity amplitude leads to decrease the local Nusselt number
and hence the rate of heat transfer. 
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INTRODUCTION

Natural convection heat transfer and buoyancy
induced flow in confined cavities have received the
attention of the researchers in recent years. This
interest arises from the importance of buoyancy
induced flows in divers engineering applications such
as thermal insulation of the building using air gaps,
solar collectors, cooling of electronic equipments,
nuclear reactors and geophysical applications. The
cavities considered in these works include regular and
irregular shapes. However there is a few studies on the
inclined irregular shape cavities. Jones [1], de Vahld
Davis[2] and Saitoh[3] studied natural convection in
differentially heated rectangular cavities. They
considered different aspect ratios and Rayleigh
numbers. The natural convection heat transfer in an
inclined cavities has been studied by Markham and
Rosenberger [4], Delgado and Crespo del Arco[5], Wirtz
and Tshenge[6] and Young et al.[7]. In their studies they
demonstrated that the inclination angle has a significant
effect on the flow characteristics and heat transfer. Shu
and Xue [8] used a differential quadrature to simulate
natural convection in a square cavity. Mixed boundary
conditions (Drichlet and Neumann type) for stream
function at each wall were adopted. Usmani[9] and
Catton [10] investigated the effect of wall conduction on
the stability of the flow behavior in rectangular cavity
heated from below. Fuad et al. [11] studied the laminar
natural convection inside right triangular enclosures.
Al-Ameri et al. [12] analyzed the mixed convection heat
transfer in a lid-driven cavity with a sinusoidal wavy

hot surface. The results of this study showed that the
average Nu is increased with an increase of amplitude
of the wavy surface and Reynolds number.

In this paper, the laminar natural convection heat
transfer and fluid flow inside an inclined wavy square
cavity has been studied. The grid generation system
considered in this paper is based on the procedure
proposed by Thompson et al. [14]. The aim of the
present study is to study the effect of the two wavy
vertical walls having different temperature on the
natural convection heat transfer and fluid flow inside
an inclined square cavity. Different values of
inclination angles, amplitude of undulation and
Rayleigh numbers has been investigated.

1-2. Problem Description: The problem treated is a
two dimensional buoyancy laminar flow and heat
transfer in an inclined square cavity having two wavy
walls. The right and left walls are assigned
temperatures of Th and Tc respectively while the
remaining two walls are insulated. The considered
problem is depicted in Fig.1. as a physical geometry
and in Fig.2. as a computational domain.

1-3. Grid Generation: The numerical calculation of a
flow field needs a suitable treatment of boundary
conditions which are difficult to incorporate  for
complex boundary conditions. A grid generation is used
to transfer a physical space in to a computational
space. The grid generation method is used to map the
non-rectangular grid in the physical space into a
rectangular uniform grid in the computational space.
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The grid generation method proposed by Thompson [14]

is used to transform the region shown in Fig.1 in to
computation  region as shown in Fig.2.The most
common partial differential equation used for grid
generation in 2-D is an elliptic  Poisson equation.
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where P and Q  are known functions used to control
interior grid clustering. All grids used in this work are

generated with                               The system( , ) ( , ) 0.P Q    

is completed by addition of Drichlet boundary
conditions which specify  ζ and η as functions of x
and  y  on the boundary of the region shown in Fig.1.
Calculations are performed on the rectangular region so
that dependent and independent variables are
interchanged to produce a system of two partial
differential equations in the form of:
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The discretization of equations (3-4) is obtained by
using a second order central difference procedure and
are solved by iteration method with SOR . 

2. Mathematical Model: The governing equations of
a viscous incompressible flow and heat transfer are
described as flows:
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The above governing equations can be written in dimensionless stream and vorticity method after using the
following dimensionless parameters.
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The transformation of the new dependent variables          defined in the preceding section leads to replacement  , 

of             in to            and            to            [14]. ,x y  ,    ,x y  ,  

     (11)
2

2 J    
              

    22 PrJJ        
                    

           (12)   Pr cos / [Ra J Y Y X X             

     (13)    22 PrJ RaJ        
                   

 where

     (14) y xX D y D J   

     (15) x yY D X D J   

     (16)xD  2Y Y Y     

     (17)YD  2X X X     

2-1  Boundary Conditions:  In order to solve the mathematical model, the following boundary conditions are
used.

 ,   ,   ,                                 on the cold wall0U V  0.5   0 
2J 
 



,     ,            ,                       on the hot wall0U V  0 
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Where the above assigned values for the vorticity is employed according to the Woods formula [15]. The local
and average Nusselt number along the hot wavy wall are calculated as follows.
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where S is the total chord length of the wavy wall and s is the coordinate along the wavy surface. the shape of

the right hot wavy wall is assumed to follow the formula                                                        [1 (cos 2 )]f y Amp Amp ny  

and the left  wavy wall is                                            where Amp is the amplitude of the wavy  [1 (cos 2 )]f y Amp ny 

wall and n is the number of undulations.

3. Numerical Solution:  Finite difference formulation
is used to discritized the considered partial differential
equations. Hence the resulting algebraic equations are
solved using alternate difference implicit (ADI) method
along with the successive overlaxation scheme (SOR).
Relaxation factors are needed to ensure and accelerate
convergence. The factors used for stream function,
vorticity and temperature equations have the values of
1., 0.3, 0.5 respectively. In order to ensure that the
flow and heat transfer characteristics are not effected
by the mesh, different grids are used, (31×31), (41×41)
and (51×51) respectively. As shown in table1, there is
not noticeable change between the used grids and the
grid (51×51) is adopted in our work. A typical run of
20000 takes about 360 CPU second on PENTIUM4
personal computer was performed. 

Table 1: effect of mesh on Nuav for Ra=105 and θ=0E
mes Nuav

31×31 4.01
41×41 4.147
51×51 4.16

RESULTS AND DISCUSSION

In this section, the computed results of stream
function, temperature contours and local Nusselt
number for different values of angle of inclination,
amplitude and Rayleigh number will be reported. 

Fig.3. shows the stream function distribution for
different number of cavity undulations and θ=0. 

It can be seen that there is four counter rotating
cells when the cavity has one undulation. The number
of counter rotating cells increase with increasing of
cavity undulation as shown in (b) and (c) where eight
and twelve counter rotating cells are found. The size of
the re-circulating cells are larger at (a) compared with
(b) and (c). Also the size of the re-circulating cells at
(b) is larger than (c).In (c), the size of the re-
circulating cells at the upper and lower corners are
large compared with other regions of the cavity. In
general, the size of the re-circulating cells at θ=0 is 
decreased with increase of the number of undulations.

The stream function distribution with one
undulation for different angles of inclination and
Ra=105 is demonstrated at Fig.4. As the Figure shows,
when the inclination angle is increased to, θ= 30E the 
four re-circulating cells are shrinking into two re-

circulating cells. Also the position of these cells is
changed. The thickness of the boundary layer is
increased along the two  vertical wavy walls and more
near the wall crest. This leads to increase the rate of
heat transfer at these regions. This shrinking is
increased at the angles 60E and 90E. When the angle
is increased to a value greater than 90E, the two cells
is stretched to one cell. However this cell becomes
smaller with increasing the angle of inclination. Fig.5
exhibits the isotherm contours for different number of
undulations. It can be seen that the isotherm lines are
not perpendicular near the wall crest and trough and
this arises from the free convection currents. In the
remaining regions of the cavity the isotherm lines are
perpendicular and this represent a semi conduction
regime. The effect of the hot wall undulations on the
local Nusselt number distribution is seen in Fig.14. The
values of the Nu are increased near the crest of the
undulation and decrease just at the trough. However
when the number of cavity undulation increases, the
values of the Nu is higher at the Undulation crest and
less at undulation trough. The effect of angle of
inclination on temperature distribution is depicted in
Fig.6. For θ=30E, the isotherm lines in the cavity are
not perpendicular and this manifest arising a thermo
convective region where the isotherm lines pass
through crest of the undulation and move away toward
the cold one. This convection current expected to
increase the rate of heat transfer as shown in Fig.13.a.
As the angle increase to,60E the thermal boundary
layer be thicker at the two wavy walls and the
deviation of the isotherm lines is larger and this
enhance the rate of heat transfer as shown in Fig.13.a.
As the angle increase to 90E, the streamlines be thicker
at the two wavy walls and there is more convection
currents which lead to enhance the rate of heat transfer
as shown in Fig.13.a. Also this increase in convection
currents is increased with the increase of angle of
inclination as shown in d, e and f. The stream function
distribution for three undulations and different angles
of inclination are exhibited in Fig.7. It is evident that
when the angle is increased to 30, the two shrinking
re-circulating cells shape besides to the size are
different from the one undulation configuration. The
motion of these cells is to be faster and that assessed
the increase of rate of heat transfer as shown in
Fig13.c. Also the behavior of stream function

2114



J. Appl. Sci. Res., 6(12): 2111-2122, 2010

distribution is similar for the angles from 120E to
180E. However there is a slight difference in the size
of the re-circulating cells. Also the streamlines are
converged near the wall crest and diverge at the wall
trough. This increase  and decrease the rate of heat
transfer. Fig.8. demonstrates the isotherm lines
distribution for different angles of inclination. As the
angle increase to 30E, the isotherm lines are not
perpendicular and thermo convective currents are
responsible for the increase of the rate of  heat
transfer. The stream lines are gartering near the wall
crest and diverge at the wall trough. This increase the
rate of heat transfer at the wavy wall crest and
decrease at the trough. There is an increase at the rate
of heat transfer compared with the case of one
undulation as shown in Fig.13.c. It can be seen that
there is an increase in isotherm lines deviation with the
increase of angle of inclination. This will increase the
local Nusselt number values at the wavy wall crest and
decrease at the wall trough as shown in Fig.13.c. The
computed velocity vectors for different angles of
inclination and Ra=105 are found in Fig.9. For all the
considered geometrical configuration, namely, one, two
and three undulation at θ=0E, the re-circulation zones
are found at the two wavy walls trough and this
confirmed what we have discussed for the stream
function. As the angle of inclination increases, the re-
circulation zones is far about the two wavy walls and
found in the middle of the cavity. The flow hits more
strongly the wavy wall crest and that increase the  rate
of heat transfer as shown in Fig.13, a, b, &c. The
boundary layer separation occurs just before and after
the wavy wall crest when θ=0E. This phenomena is not
found with the increase of angle of inclination. Figs.10-
11 show the velocity vectors and stream function
distribution for different values of wavy wall amplitude
and for one undulation. It can be seen that the re-
circulation zone and counter rotating cells movements
are slower when the amplitude value exceed 0.05.
However, the size of the re-circulating cells are larger.
This will decrease the rate of heat transfer as shown in
Fig.16. Fig.12. demonstrates the stream function
distribution for different values of amplitude. The
isotherm lines behavior is the same except at the wall
trough. The average Nusselt number variation with
angle of inclination is shown in Fig.15. It can be seen
that the Nuav is increased with the increase of the angle
of inclination. However when the angle of inclination
exceeds, 90E the Nuav increase is more for the one
undulation. The comparison between the studied case
and the square cavity is shown in Fig.17. In general,
the local Nu of the square cavity is higher except at 
the wall crest and the upper and lower corners of the
cavity. It can be seen that the local Nusselt number
values are increased with increase of Ra as shown in

Fig.18  since when the Ra is increased, the buoyancy
induced flow increased and that leads to increase the
rate of heat transfer. To verify our numerical
simulation, a comparison between the present results
and with that reported by Zhong[13] is performed in
Fig.19. The comparison showed a good agreement
between the current results and the published ones.

Conclusions:  In this study, an alternative difference
implicit scheme with body-fitted coordinates system has
been adopted to predict the laminar flow and heat
transfer in an inclined square cavity having two vertical
wavy walls. For the current computed results, the
following conclusions can be summarized.

1. The rate of heat transfer is increased with the
increase of undulation number and angle of
inclination..

2. The average Nusselt is increased with the increase
of angle of inclination. However beyond the angle 
90E, the increase in the one undulation
configuration is more than three undulation.

3. The number of counter rotating cells are increased
with the increase of the number of undulation
when the angle =0E.

4. The number of counter rotating cells are
dramatically changed with the increase of angle of
inclination. 

5. The local Nusselt number is increased with the
increase of Ra and decreased with the increase of
amplitude.   

                                  
Nomenclature

g gravitational acceleration, m/s2

H height of the cavity wall, m
J Jacobian of the transformation
Nu local Nusselt number
Nuav average Nusselt number
Pr Prandtl number
Ra Rayleigh number
Tc cold wavy wall temperature, ˆ    
Th hot wavy wall temperature, ˆ  
u,v velocity components, m/s
x,y Cartesian coordinates, m
X, Y dimensionless Cartesian coordinates
α, β ,γ,τ,σ Transformation parameters in grid

generation
ξ,η coordinates in the transformed domain 
ψ dimensionless stream function 
’ dimensionless  vorticity 
ρ density, Kg/m3

α thermal diffusivity, m2/s
θ dimensionless temperature
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Fig. 1: physical problem; a. one undulation, b. two undulation, c. three undulation 

Fig. 2: computational domain; a. one undulation, b. two undulation, c. three undulation 

Fig. 3: stream function distribution for different number of undulations (θ=0E, Ra=105).
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Fig. 4: stream function contours for different angles of inclination and Ra=105

Fig. 5: isotherm contours for different numberof undulation and Ra=105, θ=0E

Fig. 6: isotherm contours for different angles of inclination and Ra=105
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Fig. 7: stream function contours for different angles of inclination and Ra=105

Fig. 8: isotherm contours for different angles of inclination and Ra=105

Fig. 9: velocity vectors for one and three undulations and Ra=105
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Fig. 10: effect of amplitude on velocity vectors distribution, Ra=105, θ=0E 

Fig. 11: effect of amplitude on stream function distribution, Ra=105 and θ=0E

Fig. 12: effect of amplitude on isotherm contours distribution, Ra=105 and θ=0E
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Fig. 13: variation of local Nusselt number on the hot wavy wall, Ra=105 and θ=0E

Fig. 14: comparison of Nu for the considered cases, Ra=105 and θ=0E
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Fig. 15: average Nu distribution for Ra=105

Fig. 16: effect of amplitude on Nu distribution for Ra=105 and θ=0E

Fig. 17: comparison of the undulated and the square cavity for Ra=105 and θ=0E

Fig. 18: effect of Ra on Nu distribution for 1undulation, Ra=105 and θ=0E
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Fig. 19: comparison of the present and published [14] results for Ra=105
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