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Abstract: A third order nonlinear differential equation modeling a critically damped system is considered.

A new perturbation technique based on the Krylov-Bogoliubov-Mitropolskii (KBM) method is developed

for obtaining the transient response in the presence of different damping forces as well as different set

initial conditions. The results obtained by this method agree with those obtained by numerical method

nicely. An example is solved to illustrate the method. AMS Subject Classification: 34E05
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INTRODUCTION

The Krylov-Bogoliubov-Mitropolskii  method is[3 ,1]

a widely used technique to obtain approximate

solutions of weakly nonlinear systems. The method was

originally developed for approximating periodic

solutions of second order nonlinear differential systems,

was later extended by Popov  to damped oscillatory[8]

nonlinear systems. M urty and  Deekshatulu [4 ]

investigated an over-damped nonlinear system using

Bogoliubov's method. Sattar  found an asymptotic[9]

solution of a second order critically damped nonlinear

system. Shamsul  has developed an asymptotic[13]

method for obtaining approximate solutions of second

order over-damped and critically damped nonlinear

systems. First, Osiniskii  investigated the solution of[7]

third order nonlinear systems by Bogoliubov's method

imposing some restrictions on the parameters. Thus the

solution was over-simplified and as a consequence

gives incorrect results. Mulholland  removed these[6]

restrictions imposed by Osiniskii and found desired

solutions. Bojadziev  investigated solutions of[2 ]

nonlinear system by transforming it to a 3-dimensional

differential system. Sattar  examined solutions of[10]

third-order over-damped nonlinear systems. Shamsul[15]

investigated solutions of third order over-damped

systems whose eigenvalues are in integral multiple.

Shamsul and Sattar  presented a unified KBM method[12]

for obtaining approximate solutions of third order

damped and over-damped nonlinear systems. First,

Shamsul and Sattar  have extended Bogoliubov’s[11]

asymptotic method to third order critically damped

nonlinear systems. Shamsul  has also investigated[14]

solutions of third-order critically damped nonlinear

systems whose unequal eigenvalues are in integral

multiple.

In the present article, we have developed a new

technique for obtaining the asymptotic solutions of

third order critically damped nonlinear systems. For

different set of initial conditions, as well as for

different set of eigenvalues the solutions found in this

article, show good coincidence with numerical

solutions.

The Method: Consider a third order weakly nonlinear

ordinary differential system

       (1)

where over dots denote the first, second and third

derivatives with respect to t;  are constants,

g is the small parameter and  is the given

nonlinear function. As the equation is third order, so,

we shall get three real negative eigenvalues, where two

of the eigenvalues are equal (for critically damped).

Suppose the eigenvalues are -ë, -ë and -ì.

When g = 0, the equation (1) become linear and

the solution of the corresponding linear equation is

       (2)

where  are constants of integration.

When , following Shamsul (2002c) a solution of

the equation (1) is sought in the form

    (3)

where a,b,c are functions of t and satisfy the first order

differential equation
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(4)

iWe only consider a first few terms in the series expansion of (3) and (4), we evaluate the functions u  and

 such that a,b,c appearing in (3) and (4) satisfy the given differential equation (1)

with an accuracy of order g . In order to determine these unknown functions it is customary in the KBM methodn+1

ithat the correction terms, u , i = 1,2,....., n must exclude terms (known as secular terms), which make them large.
Theoretically, the solution can be obtained up to the accuracy of any order of approximation. However, owing to

the rapidly growing algebraic complexity for the derivation of the formulae, the solution is in general confined to
the lower order, usually the first .[5]

Now, differentiating the equation (3), three times with respect t, substituting the value of x and the derivatives

 in the original equation (1), utilizing the relation presented in (4) and finally equating the coefficients of

g, we obtain

 (5)

where  and .

In this article, we have expanded the functional  in the Taylor’s series  about the origin. i. e. in power[5]

of t. Therefore, we obtain

 (6)

Here the limit of i,j and k are from 0 to 4. But for a particular problem they have some definite values.
Therefore using (6), from (5), we obtain

       (7)
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Following the KBM method, Murty et al. , Sattar , Shamsul and Sattar , and Shamsul  imposed the[5] [9] [11] [13 ,14]

1condition that u  does not contain the fundamental terms (the solution (2) is called the generating solution and its

terms are called the fundamental terms) of f . Therefore, following Murty et al. , Sattar , Shamsul and Sattar ,(0) [5] [9] [11]

Shamsul , in this article, we have separated the equation (7) in the following way:[13 ,14]

 (9)

and

           (10)

Now, equating the coefficients of t  and t  from both sides of equation (9), we obtain0 1

           (11)

and

  (12)

Solving equation (11), we obtain

(13)

1Substituting the value of B  from (13) into equation (12), we obtain

           (14)
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1 1Now, we have only one equation (14) for determining the unknown functions A  and C . Therefore, to obtain

1 1the unknown functions A  and C , we need to impose some restrictions  for details). In this article, we have[14 ,15 ,17]

imposed the restriction that the relation  exists between the unequal eigenvalues. i. e. the unequal

eigenvales are in integral multiple. This is an important restriction, since under this restriction the coefficients of

1 1A  and C  do not become large (the principle of the KBM method is, the coefficients of the unknown functions

1 1A  and C  must be small). Since the eigenvalues -ë and -ì are distinct, so it is possible to exist the relation

1 between them. Thus, we shall be able to separate the equation (14) for two unknown functions A  and

1 1 1C , and solving them we shall get the values of the unknown functions A  and  C . Excluding the relation

 , if any other relations exist between the eigenvalues, in these cases, we shall also be able to determine

1 1 1 1the unknown functions A  and C  subject to the condition that the coefficients of A  and C  do not become large.

1 1 1Thus, substituting the values of A ,B  and C  into the equation (4) and integrating, we shall obtain the values of

a,b and c.

1Equation (10) is a third order inhomogeneous linear differential equation; so, it can solve for u  by well-known

operator method.

1Substituting the values of a,b,c and u  in the equation (3), we shall get the complete solution of (1).

Thus the determination of the first approximate solution is completed.

Example: As an example of the above method, we have considered the Duffing equation type third order weakly

nonlinear systems

           (15)

Here , and              

Therefore,  

           (16)

Now, comparing equations (6) and (16), we obtain

   (17)

Therefore, for equation (15), the equations (10)-(12) respectively become

    (18)
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           (19)

and

           (20)

The solution of the equation (19) is 

           (21)

where , ,     

1Putting the value of B  from equation (21) into equation (20), we obtain

           (22)

Now, to separate the equation (22), in this article, we have imposed the restriction  exists between the

distinct eigenvalues. For this condition the equation (22) can be separated into two equations for determining the

1 1unknown functions A  and C  in the following way: 

           (23)

           (24)

The particular solutions of equations (23) and (24) are  
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           (25)

            (26) 

where ,   ,      ,        

,         ,     

And the solution the equation (18) is

     (27)

where         ,              ,

, 

,             , 

,         ,          

,    ,    

1 1 1Substituting the values of A ,B ,C  from equations (25), (21) and (26) respectively into the equation (4), we

obtain
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                   (28)

Since  are proportional to the small parameter g, so they are slowly varying functions of time t.

Therefore it is plausible to replace a,b,c by their respective values obtained in the linear case (i. e. the values of

a,b,c obtained when g = 0) in the right hand side of equation (28). This type of replacement was first made by

Murty et al.  to solve similar type of nonlinear equations. Therefore, integrating equation (28), we obtain[5]

         (29)

Therefore, we obtain the first approximate solution of the equation (15) as 

          (30)

1where a,b,c are given by the equation (29) and u  given by (27).

RESULTS AND DISCUSSIONS

Results:  It  is  usual  to  compare  the  perturbation  solutions  to  the  numerical  solutions,  to test the

accuracy  of  the  approximate  solutions obtained by a certain perturbation method. First of all, we have

considered  the  eigenvalues  are  ë  =  2.9 and ì  = 1. Therefore,  . We have computed  by

1(30),  in  which  a,b,c  are  computed by (29) and u  is computed by equation (27) together with initial conditions

  [or   ], when g = 1. The

results  for  various  values  of  t  are presented in the second column of the Table 1. The corresponding

numerical solutions (designated by x*) have been computed by a fourth order Runge-Kutta method and are given

in the third column of the Table 1. Percentage errors have also been calculated and are given in the fourth column

of the Table 1. 
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0 0 0Table 1: Comparison between perturbation and numerical results when the initial conditions are a  = 0.5, b  = 0.5, c  = 0.0, g = 0.1 and the

eigenvalues are ë 2.9, ì = 1

E %t x x*

0.0 0.500050 0.500050 0.0000

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

0.5 0.175898 0.175761 0.0757

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

1.0 0.055010 0.054866 0.2625

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

1.5 0.016120 0.016050 0.4361

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

2.0 0.004540 0.004507 0.7322

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

2.5 0.001242 0.001231 0.8936

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

3.0 0.000333 0.000330 0.9091

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

3.5 0.000088 0.000087 0.1.1494

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

4.0 0.000023 0.000023 0.0000

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

4.5 0.000006 0.000006 0.0000

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

5.0 0.000002 0.000002 0.0000 

x computed by (30)     

 x* is computed by Runge-Kutta method 

Again, we have computed  by (30) for  and  by considering another set of initial

conditions , ,  [ or   ] when

g = 0.1 and the results are presented in the second column of the table 2. The corresponding numerical solutions

(designated by x*) have been computed by a fourth order Runge-Kutta method and are given in the third column

of the Table 2. Percentage errors have also been calculated and are given in the fourth column of the Table 2.

0 0 0Table 2: Comparison between perturbation and numerical results when the initial conditions are  a  = 0.7, b  = 0.7, c  = 0.0, g = 0.1 and the

eigenvalues are ë 2.9, ì = 1

t x x E %*

0.0 0.700137 0.700137 0.0000

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

0.5 0.246206 0.246037 0.0687

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

1.0 0.076996 0.076808 0.2448

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

1.5 0.022576 0.022473 0.4583

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

2.0 0.006355 0.006313 0.6653

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

2.5 0.001739 0.001725 0.8116

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

3.0 0.000466 0.000462 0.8658

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

3.5 0.000123 0.000123 0.0000

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

4.0 0.000032 0.000032 0.0000

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

5.0 0.000002 0.000002 0.0000  

x computed by (30)     

x* is computed by Runge-Kutta method 

Finally, we have computed  by (30) by considering ( ) with initial conditions

, ,  [ or   ]  when 

and  the  results  are  presented  in  the  second  column  of  the  table  3.  The corresponding numerical

solutions  (designated  by x*) have been computed by a fourth order Runge-Kutta method and are given in the

third column of the Table 3. Percentage errors have also been calculated and are given in the fourth column of

the Table 3.
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0 0 0Table 3: Comparison between perturbation and num erical results when the initial conditions are a  = 0.7, b  = 0.8, c  = 0.0, g = 0.1 and the

eigenvalues are ë 3.1, ì = 1

t x x E %*

0.0 0.700126 0.700126 0.0000

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

1.0 0.233398 0.233207 0.0819

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

1.5 0.067547 0.067336 0.3134

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

2.0 0.018160 0.018053 0.5927

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

2.5 0.004666 0.004626 0.8647

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

3.0 0.001163 0.001150 1.1304

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

3.5 0.000283 0.000281 0.7117

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

4.0 0.000068 0.000068 0.0000

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

4.5 0.000016 0.000016 0.0000

-------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

5.0 0.000001 0.000001 0.0000    

x computed by (30)     

x* is computed by Runge-Kutta method 

Discussion: Shamsul  Expanded the functional  in powers of . i. e.  is expanded at [14]

(see Appendix). But in this article, we have expanded the functional  in power of t. i. e.  is expanded

at  t = 0.  Our  expansion  equation  (6)  is  not  the  particular  case  of   the   expansion   equation   (34)

(see Appendix),  presented by Shamsul . i. e. the expansion equation (6) can not be obtained from the expansion[14]

equation (34) by putting b = 0. Since, if one put b = 0, the solution (31),  presented by Shamsul  of the[14]

nonlinear system (1) reduces to , which is not identical to our

presented solution (3). Thus our expansion equation (6) is fully independent. As a result our variational equation

1(equation (28) is known as variational equation) and correction term (u , obtained from (27) is known as correction

term) are different from the variational equations and correction terms of Shamsul  (see Appendix). Although the[14]

variational equations as well as correction terms are different, but for different set of initial conditions as well as

for different set of eigenvalues our solution give desired results.

Appendix:  

Discussion on the Method of Shamsul : Shamsul  sought the solution of the nonlinear equation (1) in the form[14] [14]

             (31)

where the eigenvalues are  and a,b and c are functions of t which satisfy the first order differential

equations: 

  (32)
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Differentiating the solution (31) three times with respect to t, substituting the derivatives  and the

value of x in the original equation (1), utilizing relations (32) and comparing the coefficients of various powers

of g , he got:

(33)

where   and  .

Shamsul  expanded the functional  in the Taylor’s series about . i. e. in power of .[14]

Therefore, he obtained

  (34)

Following the KBM method; Murty et al. , Sattar , Shamsul and Sattar  and Shamsul in  assumed that[5] [9] [11] [14]

1u  does not contain the terms with  and  of , since these are already included in the series

expansion (31) at order .

Substituting the value of  from (34) into (33) and equating the coefficients of various powers of t, he

obtained

           (35)

           (36)

and

           (37)

Solving equation (36), he obtained
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           (38)

1Then substituting the value of C , from (38) into equation (35) and then simplifying, he obtained

           (39)

1 1 1In order to determine unknown functions A  and B  from (39), Shamsul assumed that the coefficients A  and

1B  do not become large. For this reason he assumed that the relation  exists between the eigenvalues -ë

and -ì . Under this condition, he separated the equation (39) into two equations and solving them he got the values

1 1of A  and B .

Thus, for the example (15), Shamsul got the variational equations as:

           (40)

where   ,

  

And the correction term is

   (41)

where             
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Therefore, Shamsul (2002a) obtained the first approximate solution of the equation (15) as

       (42)

1where a,b,c are obtained from equation (40) and u  obtained from (41).

Therefore, we see that, our variational equation

(obtained in equation (29)) is entirely different from the

variational equation (obtained in equation (40)) of

Shamsul .[14]

Thus, the technique presented in this article is new

one.

Conclusion: A new perturbation technique, based on

the theory of KBM is developed in this article for

obtaining the transient response of nonlinear systems

governed by third order ordinary differential equation,

when the distinct eigenvalues are in integral multiple.

The new solution gives desired results for different set

of initial conditions, as well as for different set of

eigenvalues and show good coincidence with those

obtained by numerical method.
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