Journal of Applied Sciences Research, 4(10): 1166-1173, 2008
© 2008, INSInet Publication

Homotopy Perturbation Method for Solving System of Nonlinear
Fredholm Integral Equations of the Second Kind
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Abstract: In this article, the homotopy perturbation method is applied to solve system of nonlinear
Fredholm integral equations of the second kind, and a new computer program by using MATLAB 7.0 was
established. This program is very useful for solving (m x m; m >2) a system of nonlinear Fredholm
integral equations. Results of the examples indicated that the method and the computer program are
effective and simple.
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INTRODUCTION
The homotopy perturbation method (HPM) was proposed first by He™” which is in fact, a coupling of the
traditional perturbation method and homotopy in topology. In this method the solution is considered as the sum
of an infinite series which is very rapid convergence to the accurate solution.

The application of the HPM in nonlinear problems and many other subjects has been intensively studied by
scientists and engineers® °'*, especially in integral equations'*”'""! because this method deforms the difficult
problem under study into a simple problem which is easy to solve.

Recently Javidi and Golbabai*' applied HPM for solving system of linear Fredholm integral equations with
difference kernel. In this paper, we extend the HPM for solving system of nonlinear Fredholm integral equations
of the second kind, also a general computer program is written for solving this system.

MATERIALS AND METHODS

Consider the following system of nonlinear Fredholm integral equations of the second kind:

b
f{x)=g,(0)+ j ko (ot @), @, ) dE, fori=1, 2......,m, (1)

where the functions g; (X:l and the kernels .;Cz (I.f._}q (i')..f; (f)....._}; (f)) are given, and j;(x] the solution

to be determined for i=1, 2,..., m. We suppose that the system (1) has a unique solution.
Hereunder, we construct homotopy perturbation technique for solving equation (1) as follows: By the homotopy
technique given by"***'! we construct a homotopy for (1) which satisfies:

H(F,p)=(-p)G(F)+ pL(F)=0 @)
H,(F,0)=G,(F),H(F.1) = L(F), 3)

where
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b
G(F) = f; - g L(F) = fi(x) - g,(x) - [k (.1, i), fo0) ) @

F(JC) = [fl(x), fj (JC),. . fn (x)] and pe[0,1] is an embedding parameter.

We assume that the solution of (1) can be expressed in a series of p as follows:

fi) s LY p ) () P () 22 (5)

as ¥ —»C0 and 2 —=1 then the series is approach to the exact solution.
Substituting equation (5) into (2), we get

H(F,p)=(U-0)(fo+Bfu+ D ot + P f0—8)

b

Do+ Bla+ 4 P = 8= [ Bt g + B+ + P e

Jntpfat P i S Y BLa Y P F) )50 ©

Suppose

(%, p.m) = f () + g () + PP fp () + oo 4 P £ ()

Then rewrite equation (6) as follows

&
H(F,P)=h (%, p.n)—g,(x) - p| k. (.t 5 E o) B, (¢ a 1)) dE=0 ()

a
Equating coefficients of like powers of p in (7) yields
o, i
P Jo= 8

b
P = =k (ot i (E1,0), 4, (E.L,0), - B (£.1,0)) dif

L]
P = Tk ot (e, 11) -y (£.1.0). 5y (L 1) =y (1,1,0), .k (£.1.1) — ke, (£,1.0)) e,

-
a

o o _ RGN @1, n-2), kL n-1)
Jn=, iyl n= 2,k 60, n- D=k (60, n- 2t
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Using the above equations, we assume that the approximate solution of (1) is given by

N
M) = Zﬁnfor =1, 2........,m 9)

n=l

Computer Program: In this section the whole process of the homotopy perturbation method was programmed in
MATLAB7.0. Now if we want to solve a system of nonlinear Fredholm integral equations of the second kind (1)
based on homotopy perturbation method, everything we have to do is just to input the information about the
system, then the program will give out the solution of the system.

In the program, the parameters are set as follows:

lower limit of the integrals,

upper limit of the integrals,

number of expansion terms in equation (9),
represents the kernels of the system,
represents the given functions of the system.

omze:®

Note: To input the values of K and G in the program, see the solution of the numerical examples in section 4.
Hereunder, a general program for solving mxm (m>2) system of nonlinear Fredholm integral equations of the
second kind based on homotopy perturbation method is given:

function ss = Homotopymethod (a,b,N,Ker,G)

syms x tp fg df dsl dd

cle

tic

for I = 1:length (G)

eval (['g' int2str (i), '= char (G(1))' ;']);

d =eval (['g' int2str (i)]);

eval (['ff' int2str (1), '=d' ;']);

end

for j = 1:N-1

for i=1:length (G)

dsl=eval (['ff' int2str (i)]);

df = ['f" int2str (i) int2str (§)]*p”j;

eval (['ff int2str (i), '=ds1+df "}']);

end

for I = 1: length (G)

kkerr = char (Ker (i));

for ii = 1: length (G)
ds2 = eval (['ff' int2str (ii)]);
eval (['ff' int2str (ii) 't','=subs (ds2,x,t)' ;']);
ds4 = eval (['ff' int2str (ii) 't']);
ds3 = ['f' int2str (ii) 't'];
kkerr = subs (kkerr,ds3,ds4);
end
dsl = eval (['ff' int2str(i)]);
gg = eval (['g' int2str(i)]);
Homotopyequation = collect ((dsl-gg)-p*int (kkerr,t,a,b),p);
taylorhom1 = taylor (Homotopyequation,j+1,p)-taylor (Homotopyequation,j,p);
H11 = subs (taylorhom1,{['f" int2str(i) int2str (j)].p},{0,1});
eval (['f,int2str (i) int2str (j), '= -H11']);
ds1l = eval (['ff' int2str (i)]);
ds2 = ['f' int2str (1) int2str (j)];
ds3 = eval (['f' int2str (i) int2str (j)]);
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eval (['ff' int2str (i) ' = collect (subs(dsl,ds2,ds3,x))' ;']);
end
end
p=1;
for i=1:length (G)
D = subs (eval(['ff' int2str (i)]),p,1);
fprintf ('The approximate solution of %s is'['f' int2str (i) '(x)'])
vpa (eval(D),10)
end
toc

RESULTS AND DISCUSSION
To demonstrate the effectiveness of the proposed method, three systems of nonlinear Fredholm integral
equations of the second kind was considered. Also, to show the efficiency of the method for solving system of

nonlinear Fredholm integral equations of the second kind in comparison with exact solution, we report the absolute
error which defined by

|27 o)) =60 - £¥ )

255 = [ WO, .

i
where _}‘; I:?::I given in the equation (8) and _}‘;(x} is the exact solution of the system (1).

Note: To solve the examples by using a computer program which is given in section 3, save a program as an M-
file under the name "Homotopymethod".

Example 1:"! Consider the following system of nonlinear Fredholm integral equations with the exact solution

fl(.’f) =X and f;(x) = _')‘;2
5 41
fa= X—Eﬂl}! g(ﬂ@ﬂ’z@)fx‘r

|
fylxy = g Jgtfﬁm + f, ()t

Solution: In MATLAB7.0, one just needs to input the following command:
>>Homotopymethod(0,1,10,{'(1/3)*(flt+£2t)"(1/3)*(f1t"2+1£2t)'},{'x-(5/18)' 'x*2-(2/9)'})

We can get the following results:

fal®) =5 Fo® =7 =2

ﬂ1=é .ﬂlzé%%

fu:% fn:% (10)
< 115

fm=m f29=m
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2 9
Substituting (10) into _}‘;2 (}C} = T _}‘;n and _}‘;g (x) = S _}‘;n for i=1, 2, we get

H=ll nal
Fx) = x-6664e-1 Flx) = x"-973%-1
Fx) = x-6926e-1 Fi (%) = x*- 1088e-1

The numerical results obtained for Example 1 are shown in Table 1.

Table 1: Numerical results for Example 1

7|

el el el Rl

0 .6664e-1 .6926e-1 .8830e-2 .1088e-1
0.2 .6664e¢-1 .6926¢-1 .8830e-2 .1088e¢-1
0.4 .6664e-1 .6926e-1 .8830e-2 .1088e-1
0.6 .6664e¢-1 .6926¢-1 .8830e-2 .1088e¢-1
0.8 .6664e-1 .6926e-1 .8830e-2 .1088e-1
1 .6664e¢-1 .6926¢-1 .8830e-2 .1088e¢-1

Example 2: Consider the following system of nonlinear fredholm integral equations
1

A =- g+ %;ﬁ [t O+ £ @)t

1 1 4 4 : 3 2
fz(x:':_ﬁ_%x"‘gx +E|i(rﬂ (Emanontat

with the exact solution JT; (x) =x—1 and f; (JC) = Iz

Solution: In MATLAB7.0, input the following command:

>> Homotopymethod(0,1,10,{'x*t*f1t "2+t 2 *f2t73" "(t*f1t 3-x*2)"2'}, {'11/12*x-10/9" '4/5*x2-1/252-1/70*x"})
The results are:

10 11 SEIN D I
rX)=——+—Xx X)=————x+—x
@ 6" 12 o) 252 70 5
PR = 62 , 24 202 ,
1716021 1537 4663 71837 1679

5135 3214

179 210 110 120 203 ,

s = . -
fa Jz 0003 6971 3614

(1D
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1 20 15 ) 23
+

= x = = x+
Fo 370715 62459 S 40262 58839 180400

2 9
Substituting (11) into j;j (I:l = T ﬂn and j;g (I:l = E ﬂn for i=1, 2, we get

ra=ll n=l

F£(x) =1.0108x-1.0120 F£2(x) =1.0001x-1.0002
F2x) = . 987327 +.281 6e-2x+ 2301 e-2 £ (x) =.9997 x* - 450Te-dx+ 1408e-3

The numerical results obtained for Example 2 are shown in Table 2.

Table 2: Numerical results for Example 2

I
el [ e [

0 .1200e-1 .2301e-2 .2386¢-3 .1408e-3
0.2 .9849e-2 .2357e-2 .2050e-3 .1232e-3
0.4 .7699¢-2 .1398e-2 1714e-3 .8830¢-4
0.6 .5548e-2 .5740e-3 .1378e-3 .3619¢-4
0.8 .3398e-2 3561e-2 .1043e-3 3315¢-4
1 .1247e-2 7561e-2 .7068e-4 .1197e-3

Example 3: Consider the following system of nonlinear fredholm integral equations

G = S5+ [l fOe £O1at

FGD= =t [ RO+ db
£ = 5= 4 |20 £6) £0) de

with the exact solution j;(xj =Z f: (x)= x and j:(x]l =xX.

Solution: In MATLAB7.0, input the following command:

>>Homotopymethod(0,1,10, {"x *flt+t*f2t' '(1/3)*(f3t"2+£2t)" "(1/5)*(f1t*£3t+£2t)'}, 'x/2-(1/4)" 'x*2-(2/9)' 'x-(2/15)'})
The results are:

2 2
fm(x:'=§_$ fm(x:'=xz_§ fm(xj=x—ﬁ
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5 74
fn ﬁ -ﬂ%l_%
e 5 e
et BT e s?
o 675 36 Ja 16200
4 200 75
= + sy = —
T 47953 22247 Jo 31613

4
Substituting (12) into fi (X} =Y f and f7'(x) =
H=ll

Jﬁg (x)=T631x-342%-1
F2(x) = 2 -4575¢e-1
£x) = x-4959¢-1

11
j;l_ﬁ
141
A 12
Joa 4391 (12
76
Joo = 30231

5 .
s _}‘;n for i=1, 2, 3 we get

A x) = 9779 x-4540e-2
Flix) = x%-7507e-2
A (x) = x-7480e-2

The numerical results obtained for Example 3 are shown in Table 3.

Table 3: Numerical results for Example 3

lr =

| el I

el Rl 5l

0 .3429e-1 4575e-1 4959e-1 .4940e-2 .7508e-2 .7481e-2
0.2 .8166¢-1 4575e-1 .4959¢-1 .9355¢-2 .7508e-2 .7481e-2
0.4 1290 4575e-1 4959e-1 .1377e-1 .7508e-2 .7481e-2
0.6 1764 4575e-1 .4959¢-1 .1818e-1 .7508e-2 .7481e-2
0.8 2238 4575e-1 4959e-1 .2260e-1 .7508e-2 .7481e-2
1 2711 .4575e-1 .4959¢-1 .2701e-1 .7508e-2 .7481e-2

Conclusion: As it can be seen in all examples
presented in this paper, to obtain a good
approximation to the solution, a large iteration should
be done. The results of the method in this paper are
much closed to the result of Adomian Decomposition
method (see Example 2 of®). Also, the results of the
examples indicate that the given program of homotopy
perturbation method is simple and effective.
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