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INTRODUCTION

As most modeling and control applications require crisp outputs, when applying fuzzy inference systems,
the fuzzy system output A(y) usually has to be converted into acrisp output y*. This operation is called
defuzzification. It is essentially a process guided by the output fuzzy subset of the model. One selects a single
crisp value as the system output. In fuzzy logic controller applications the typical methods used for this process
are the center of area (COA) method, and the mean of maximal (MOM) method (Allahviranloo et al, 2012).
Both of these methods can be seen to be based on a weightedtype aggregation which can be seen as a blending
or mixing of different solutions. In (Filev et al, 1991; Yager et al, 1993), the researchers introduced a general
approach to defuzzification based upon the BADD transformator. The output for the fuzzy controller Fis a fuzzy
subset of the real line; for simplicity the researchers shall assume the support set Yis finite, Y = {y;, v2, =, V. }.
For y; € Y,F(y;) = w;indicates the degree to which each y; is suggested as a good output value by the rule base
under the current input. Two commonly used methods for defuzzification are the center of are (COA) method
and the mean of maximum (MOM) method (Dubois et al, 1987; Diamond et al, 1990). In the (COA) method

one calculates the output of the defuzzifier, ycoa, 8S:Vcoa = ZYi% 15 the MOM method one calculates the

Wi

output of the controlleryy oy = %ZyieA v;, Where Ais the set of elements in Ywhich provide the maximum value
of F(y)and mis the cardinality of A. Based upon these observation onecan view the defuzzification process
under the (COA) and MOM methods as firstconverting the fuzzy subset Fof Yin to a probability distribution on
Y, in the spiritdescribed in the earlier section and then taking the expected value as our output.Keeping with this
probabilistic interpretation the researchers shall in the followinguse P;instead of g;to denote the transformation
values. Moreover, in (Saneifard, 2009; Ming et al, 2000), authors usedthe concept of the symmetric triangular
fuzzy number, and introduced an approachto defuzzify a fuzzy number based L,-distance. In this paper, the
researchers suggesta new approach to the problem of defuzzificationusing the weighted metric between two
fuzzy numbers. In this study some preliminary results onproperties of such defuzzification are to be reported.
Therefore, by the means ofthis defuzzification, this article aims to use the concept of symmetric triangular
fuzzynumber, and introduces a new approach to defuzzify a fuzzy quantity. The basic ideaof the new method is
to obtain the nearest symmetric triangular fuzzy number whicha fuzzy quantity is related to. Unlike other
methods, this study defuzzifies the fuzzynumber, and at the same time obtains the fuzziness of the original
quantity. The paper is organized as follows: In Section 2, this article recalls some fundamentalresults on fuzzy
numbers. In Section 3, the new defuzzification method is proposed.In this Section some theorems and remarks
are proposed and illustrated. Examplesand applications of this study are carried out in Section 4.

Preliminary Notes:
The basic definitions of a fuzzy number are given in (Heilpern, 1992; Kauffman et al, 1991) as follows:
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Definition 2.1:
A fuzzy number A is a mapping A(X) : R—[0,1] with the following properties:

1. A isan upper semi-continuous function on ‘R ,
2. A(X)=0 outside of some interval [a,,b,] = R,

3. There are real numbers a,,b, suchas a,<a,<b,<b, and

e A(X) isamonotonic increasing functionon [a,,b,] ,

e A(X) isamonotonic decreasing functionon [b,,b,] ,

e A(x)=1forall x in[a,,b,].

The trapezoidal fuzzy number A = (x,, o, 0, ), with two defuzzifier x,,y, and left fuzziness o>0

and right fuzziness £>0 is a fuzzy set where the membership function is as
i(x—x0+o-) Xo =0 X< X,

o

1 Xo SX< Yy,

%(yo_x"'ﬁ) YOSXSyo+ﬁ,

0 otherwise.

If x, = yoand o = B, a popular fuzzy number is obtain. It is the symmetric triangular fuzzy number
S[x, a] centered at x, with basis 2¢ by following form

1
— (X=X +0) X -0 <XIX,
g
1 X=Xy,
A(x)=
1
—(X,—X+0) X XX, +o0,
(o2
0 otherwise.
The parametric form of symmetric triangular fuzzy number is
A(r) =xqg—o(1 —71), (1)
A(r) =xy +o(1—1) (2)
Definition 2.2:

Let Abe a fuzzy number and(A(r),A(r)) be its parametric form. Thefollowing values constitute the
weighted averaged representative and weighted width,respectively, of the fuzzy numberA:

1(4) =3y (46) +4()) dr,

D(4) = [; (A@) — Am) ().
The function f(r)is also called weighting function.

Definition 2.3:
For arbitrary fuzzy numbers A andB the quantity

~ ~.12 ~ ~ 12
d, = J[I(A) —I(B)]" + [p(A) -D(B)]’, ®)
is called the parametric distance between the fuzzy numbers Aand B.

Nearest Parametric Symmetric Triangular Defuzzification:

In this Section, we will propose the nearest weighted symmetric triangular defuzzificationapproach
associated with the weighted metric d,, in F.Let Abe a general fuzzy number and (A(r), A(r)) be its parametric
form (Saneifard et al, 2011a; Saneifard et al, 2011b; Saneifard et al, 2011). To obtaina parametric symmetric
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triangular fuzzy numberS[x,, a,], which is the nearest toA, the researchers use the weighted distance (3) and
minimize

dp(A'S[xﬂp'ap]) = ([I(A)_I(S[xop'ap])]z + [D(/I)_D(S[xop'ap])]z)%’ (4)

with respect to x,,, anda,,, where

1 1
I(S[xop,ap]) = Ef [xgp —0,(1—1)+x0, +0,(1 - r)]dr = Xop»
0

1 1
D(S[xop,ap]) = J- [xop +0,(1—1)—x0p +0,(1 - N]f@dr = f 20,(1 —7)f(r)dr.
In order to mir(;imize it suffices to minimize '
D, (4, S[xop, 0, ]) = dj (4, S[x0p, 9]) =
G Jy (A@) + AG) = 2x0,)dr)? + [, (AG) = A®) = 20,(1 = 1)) F(r)dr]2.
If S[xo,, 0, |minimizesD, (4, S[xy,,0,]), then S[xo,, 0, |provides a defuzzification of4 with a defuzzifier
xopand fuzzinesso,.So that to minimizeD,, (4, S[xo,, g, ]), this article has,

— ~ 1 1
9D, (4,5[x0p, 0,]) _ _4f (Z(r) - é(r)) F) (1 —r)dr + 80pf fr)A —1r)%dr,
0 0

aap
and

oD, (4,S]x,,, o L
P( ax[opop p])=_zj(‘) (A(r)+é(7'))_2x0p)dr'

By solve system of equation as follows,
9D, (4, S[xop, 3, ]) 0 9D, (4, S[x0p, 5, ]) _
do, ’ 0xo,
The solution is
Jy (A0 —A®)) F A = yar

10,
» " Zfolf(r)(l —r)2dr » Xop = Efo (A(r) +4(r)) dr.

0.

Remark 3.1:
If we considerf(r) = r, the nearest parametric symmetrictriangular defuzzification of A is given by the

defuzzifierx,, = %fol (Z(r) + A(r)) dr, and fuzziness o, = 6 fol [Ar) — A@)]r(1 —1)dr.

The above defuzzification approach can be applied to two fuzzy numbers whenever asingle fuzzy quantity
is desirable. Let 4 and B be a fuzzy numbers with parametricforms 4 = (A(r), A(r))andB = (B(r), B(r)). To
find a parametric symmetrictriangular fuzzy number S[xop, ap]near Aboth andB, this article minimizes

5(x011'0p) = Ep (A'S[XOP’GP]) + Ep(E,S[xop,Jp])

11! — —
= G | [(40) = Sl ,]) + G = Sl ]
1
= (| FOI@D) ~STx3,,0,]09) = AC) = Sl )N

11 _ _
G fo [(B™) = S[x0p, 3, ] () + (B(r) = S[x0p, 0] )] dr)?
-l-(folf(?”)[(E(T) - §[X0p,0p](‘r)) - (E(r) — E[XOp: Gp](r))]dr)z. ) )
Thus, this study must to find a lodger point, (xo,, a,)for Whid]w =0, Plop) _ g )

X0p doy
Then,aﬁ(’%pr"p) _ 9Dy (45[x0p.0p]) + 9Dy (B,S[xop.0p])
dop dop dop

1 1
= —4] [A@) — AM]|(1 — 1) f(r)dr + 80, J fr)(A —r)?dr
0 0

1 1
—4[ [E(r) — B(r)](l —r)f(r)dr + 8a, f f)(A =1r)2dr =0,
0 0

and
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aﬁ(xoz"ap) _ 651)(‘4'5["017'%]) n 65p(§'5[x0p'0p])

axop h ax(]p axop

1 _ 1 _

= —2f [A() + A(r) — 2xg,]dr — 2f [B(r) + B(r) — 2xpp]dr =0

He(r]we, by the solve system of equat?on(*), there is
__ R0 +B0) - A@) - BO) 0 - ndr

’ 4 [} (@ —r)dr ’
| —
Xop = Zf (A(r) +AM) +B() + g(r)) dr.
0

If this article assumesthat f (r) = r, then

T — 1, —
o, = 3[0 (A(r) + B(r) — A(r) —§(r))r(1 —r)dr , xo, = Zfo (A(r) +A(r) +B(r) + Q(r)) dr.

Numerical Examples and Applications:

In this section the researchers present numerical examples to illustrate the differencebetween the introduced
method in this paper and the given method in (Ming et al, 2000; Larkin, 1985). Throughoutthis section the
researchers assumed thatf (r) = r.

Example 4.1:
Consider a plateaud(r) =a+ (b—a)r , A(r) =d — (d —c)rwherea < b < c<d. The nearest
parametric triangular defuzzification procedure yields

Xop = %J: (Z(r) +4(r)) dr = %fol[(a +d)+ b —a)r—(d-oc)rldr = W,
and
L (A0 —am) foa-ndr 4
o, = 5 fol O —rydr = ﬁfo [d-—(d-cor—a—-(b—-a)r|jr(1—-r)dr
_c+d—a-b
5 :

In specific case b = cthere is x,, = i(a +2b+d), o, = %(d —a).
Example 4.2:
_ —(J(—go)2
Consider the Gaussian membership function A(x) = e ©°6 whichits parametric form is

A(r) = g + opV—Inr , A(r) = uy — opvV—Inr,

then
1/—
s B _Jy(A®-aM)f O a-ndr  goym
xop =7 Jy (A(r) + é(r)) dr = pgando, = O (9v2 - 4v3).

Furthermore, o = 200\/5(4 —/2)(Ming et al, 2000; Larkin, 1985), it is clear thata, < o.

Example 4.3:
Let Abe a plateau and Ba triangular fuzzy number given by

Ay =71, Ar)=3—-r; Br)=2+r, B(r)=4—r.
The defuzzification procedure yields
1

1
Xop = %fo (Z(r) +A() +B() + B(r)) dr = %fo 9rdr = z,
and

__ I +B0) - 40) - B)f () - rydr
" 4 F - 2ar

1 3
= 3J0 5 -4r)(1 —r)rdr = >

Example 4.3:
In other segment, this article applies the parametric symmetric triangulardefuzzification procedure to obtain
a fuzzy partition from two extreme values.So, given the extreme values 0and 1, we define the fuzzy number
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- —a . - . . -

”medium” A(l)asém(r) =% , A( )(r) =1 —%.DerZZIfyO andA®, to obtain “lower medium” A®D for
. 1011 1 1 1)

whichxg, =5 f; (47 () + 0+ AV@) +0)dr =5and 0, =3 f; (4 () +0 - ADE) = 0)r(1 —r)dr =

L _ L1y This study now defuzzifiesA®and 1, to get the “upper

2 4
. - . . —(2,3)
medium”A®® with x,, = %andap = %, e A% (r) = %+ ir LA

—(2,1
L Thus 4@D(r) = 0+ 1 and 2°(r) =

rH=1- ir.Update the ”medium” by
defuzzifying the “lower medium” A®V(r)and “upper medium”A?3(r). The result is the “medium”
A@2D (r)centered at
1t 1or 107 r 1 [ ,, 1
Xop —ZJ(-] <Z+E_Z+§+Z+1_Z>dr_§ with o, = 3J(.) r(1—r) dr—Z,
ie. A®2(r) =0.25 +%r, and Z(Z'Z)(r) =2 _ 1y Thus, we obtain a fuzzypartition with five elements

4 4
P = {0,A@D, 422 23 13,
As the fuzzy partition becomes finer, the fuzziness of its elements obviously decreases.

Example 4.4:
Consider the Gaussian membership function in Example (4.2) with gy =1 and gy = %(Liu, 2001). We
apply the parametric symmetric triangular defuzzification procedureto obtains a fuzzy partition from two

= —(1 V= ~
extreme values Oand 2. Then AW(@) =1+ 21” : 7 )(7’) = 1—%- Defuzzifyoand A, to obtain

~ —(1 —(1
ACDfor  whichxo, =1 J; (A( ) + 0+ AD@) + 0)dr=3and o, =3/, (A( ") +0 - AD @) —

—(21 . -
O)r(l —r)dr = % Thus A%V () =0+ %r and 4' )(r) =1- %r. We now defuzzifiesAand 2, to get the

- . . —(23) .

A@Dwith x, =§ and o, = %, ie. A®I@P) =1+ %r,A rH=2- %r. Update the “medium” by

defuzzifying the “lower medium” A%V and “upper medium”A®3. The result is the “medium” A% centered at
. . —(2,2) . . .

Xop =1 with o, = % i.e.A%D(r) = §+%r and A7 () = %—%r. Thus, this article obtains a fuzzy

partitionwith five elements P = {0, A%V, 4?22, 423 13,
As the fuzzy partition becomes finer, the fuzziness of its elements obviously decreases.

Conclusion:

In this study, we suggest a new approach to the problem of defuzzification using theparametric metric
between two fuzzy numbers. In this paper some preliminary resultson properties of such defuzzification are to
be reported. The basic idea of the newmethod is to obtain the nearest parametric symmetric triangular fuzzy
number whicha fuzzy quantity is related to.
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