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INTRODUCTION

The theory of convex sets and extreme points are a vibrant and classical field of modern mathematics with
rich applications in economics and optimization. It is therefore necessary to extend this branch of mathematics.
In recent years optimization problems concepts quickly expanded. For example in 2004 Yong Wang and Yu-
Mei Ma introduced the concept of integral convex sets and integral extreme points and proved some theorems
for these concepts (Wang and Ya, 2004). In the present paper we focus on a generalization of the notion of
integral convexity. By using, instead of Bochner integral, a more general vector integral, that of McShane, we
obtain some results on integral convex sets and integral-extreme points of subsets of a Banach spaces. To obtain
these results some preliminary results and definitions were referred. However for more details see also (Diestel
and Uhl, 1977; Gordon ,1990; Schwabik and Guoju, 2005; Wang and Ya, 2004).

Preliminaries:

First we deal with functions which take values in Banach spaces. For such functions we define the various
notions of measurability and different integrals corresponding to them. Let X be a Banach space, X* its
topological dual, and ([0, 1],Z,u) the unit interval provided with the o -algebra of Lebesgue measurable sets
and with the Lebesgue measure.

Definition 2.1:

A function s: [0,1]—X is called simple if there is a finite sequence E,€X,m=1,..,p such that
EmNE,=0 for m#n and [0,1]=U%_, E,, where s(t)=y_eX for teE,, ,m=1,..., p. Denote by J(u,X )=J the set of
all simple functions defined on [0, 1] .

Definition 2.2:
A function f:[0,1]— X is called measurable if there exists a sequence {s,}, s,€J,n €N with
lim,,_. [|s,(D-F())]|,, =0 for almost all t € [0, 1] .

Definition 2.3:

A function [0, 1] — X is called weakly measurable if for each x"€ X" the real function x"(f):[0,1]— R
is measurable.
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Remark 2.1:
It is a simple task to define the integral of a simple function. Assume that s: 1 — X is a simple function
given by Definition 2.1.

Define the integral of s: 1 — X as f[o,l]s dp= 30 S(Em) - W(Em)=Xh 1 ¥, -(Em) . If AET ands € J then

define  sn(D)=s(0).1, (D= { s()  teA

0 €A It is easy to see that the function f, is again simple and we

set [, sdu= f[o,l]SAdu .

Definition 2.4:
A measurable function f:[0,1]— X is called Bochner integrable if there exists a sequence of simple function

{s,} such that lim,_,, [Oyl]||sn-f|| du=0. In this case, [, fdy is defined for each A€Z by [, fdu=lim,_,, [, s,du

where [, s, du is defined in the remark 2.1.
The value fA fdu is called bochner integral of function f over A and If necessary the more detailed notation

(B) fA fdu will be used for this concept of integral. The set of functions B is called the set of Bochner

integrable functions.
The next theorem gives a necessary and sufficent condition for the Bochner integrability of a function
f:[0,1] — X.

Theorem 2.1:
A measurable function f: [0, 1] — X is Bochner integrable if and only if the function t—|[f(t)||x is

Lebesgue integrable (i.e., [[f(:)|IxEL* (<)) .

Definition:

Let a compact interval c R . A pair (t, J) of a point t € R and a compact interval J cR is called a tagged
interval, t is the tag of J .Two compact intervals J,L c R are called non-overlapping If J°’NL° =@ (°,L°
denote the interiors of J,L, respectively).A finite collection { (t;,1; ) ,j=1, ..., p} of pairwise non-overlapping
tagged intervals is called an M-system in I if I; | forj=1,..,p. An M-system { (t;,l; ). j=1,...,p} in I
is called an M- partition of the interval I if UL, I;=1.

Definition 2.6:

Let a compact interval c R. Given a positive function & : I — (0, +o0) called a gauge on I, a tagged interval
(t,J) is said to be & -fine if JcB(t,6 (t)) ,where B(t,6 (t)) is the ball in R centered at t with the radius
d (t) .M - systems or partitions are called & -fine if all the tagged intervals (tj,lj),j =1,...,p ared -fine with
respect to the gauge 8.

Definition 2.7:
Assume that a function f: [0, 1] — X is given.f is McShane integrable and J € X is its McShane integral
if for every €>0 there exists a gauge &:[0,1] — (0, +©) such that for every & -fine M-partition

{(t1;)i=1,...,p}of [0,1] the inequality ||X7, f(t).u(1i) -3l <e holds .We denote 3=(M) fi5 ,, fdu and

M denotes the set of all McShane integrable functions.In the following we provide some properties of the
McShane integral.

Theorem 2.2 (Schwabik and Guoju, 2005):
If f:[0,1] — X as McShane integrable then for every ¢ >0 there is an n>0 such that if E c[0,1] is

measurable with p(E) <7 then ”(M) Je fdu”XSs.

Theorem 2.3(Schwabik and Guoju, 2005):
If f:[0,1] — X as McShane integrable with (M) f[o 1 fdp €X then for every x™ € X" the real function

X" (f) : [0, 1] — R is McShane integrable and (M) f[o 1 X" (Hdp=x"((M) f[o g fde ).

Theorem 2.4(Schwabik and Guoju, 2005):
If f:[0,1] — X is Bochner integrable then f is McShane integrable, i.e. Bc M and we have

(B) fyy Fn=(M) [, Ty
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Remark 2.2:

Any McShane integrable function is Pettis integrable (see [6]) . However as shown in [1] every Pettis
integrable function is Henstoch-Kurzweil-Pettis integrable .So if f is McShane integrable function then it is
Henstoch-Kurzweil-Pettis integrable and tow integrals are coincide.since the mean value theorem is true for
Henstoch-Kurzweil-Pettis integrable function (see [1]) then also is used to McShane integrable function .Now
we express the result in the next theorem.

Theorem 2.5:
Let f:[0,1] — X be a McShane integrable function and E c[0,1] is measurable with p(E)>0 then

% (M) fE fdu eco (f(E)) .The following concepts were introduced in (Wang and Ya, 2004):

Definition 2.7:
A c Xis said to be integral-convex (shortly, [ -convex) if everyf: [0, 1] — X, Bochner integrable such

that f (t) € A a.e. satisfies (B) f[o yfdueA.

Remark 2.3.(Wang and Ya, 2004):

For any Ac X, there is a smallest (closed) [ - convex set containing A, namely the intersection of all
(closed) [ — convex sets containing A, which is called the (closed) [ - convex hull of A and denoted by
co; A (respectively, €o; A).We have: coAcco; Acco; Acco; A (%)

It follows that from (*) in Remark 2.3 any [ - convex subset X is convex.

Definition 2.8:
A subset B c Ae2* is called an [ — extremal subset of A if for any f: [0, 1] — X Bochner integrable

one-side-continuous with f(t)e A ae. and (B) f[01]fdp eB implies f ([0, 1]) cB. Moreover, if B is a

singleton, then it is said to be an [ - extreme point of A .The set of all [ -extreme point of A is called its
| — extreme points set and denoted by exty A

Remark 2.4.(Wang and Ya, 2004):
It follows from the definition 2.8 that every [ -extreme point of A is its extreme point as well, i.e.,
ext; AcextA.

New concepts of [ — convex ity of sets:
In this paper McShane integral was used to obtain new results instead of the Bochner one.

Definition 3.1:
Ac X is said to be McShane- integral-convex (shortly, (M) [ - convex ) if every measurable, McShane

integrable function f: [0, 1] — X with f(t) € A a.e. satisfies (M) f[o 1]fdu EA.
Remark 3.1:
Since any Bochner integrable function is McShane integrable then every (M) [ - convex set is [ - convex.

Remark 3.2:
If the Banach space is finite dimensional, then the integability in McShane and Bochner sense coincides,

therefore, by theorem 2.3 in [8], every convex subset of a finite dimensional Banach space is (M) [ - convex.

Definition 3.2:
A subset B c A is called an (M) [ - extremal subset of A if for any measurable function f: [0, 1] — X
McShane integrable one-side-continuous (that is, continuous at left or at right in every point) with f (t) € A a.e.

and (M) f[O,l]

point of A.The set of all (M) [ - extreme point of A is called its (M) [ - extreme points set and denoted by
(Mext; A.

fdu €eB implies f ([0, 1]) cB . Moreover, if B is a singleton, then it is said to be an [ - extreme
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Remark 3.3:
According to the above definition any (M) [ - extreme point is [ - extreme point and thus is extreme point .
In other words, for any A c X The following relationship is established (M) ext; Acext; AcextA.

Theorem 3.1:
Every closed [ - convex subset of X is (M) [ - convex.

Proof:

Let A be an closed [-convex subset of X and f:[0,1] — X is McShane integrable function such that
f ([0, 1]) cA Fix xo€A and €>0is arbitrary .Since f€M then according to theorem 2.2 there is an n >0 such that if

E c[0,1] is measurable with p(E) <n, then ” M) fE fdp.”X s§ .Consider the measurable sets F;={te[0,1]: ||If(t)]|<i}.

""" T ") . Now we define the function

f, as follows fy=fxg +XoX( It is clear that f; ([0, 1]) €A and also according to theorem 2.1 we will gain f.€f3

0,1]-Fy,)
since A is an [-convex subset of X then According to Definition 2.7 and theorem 2.4 we have

(B) f[o,l] fS dl’l:(M) f[o,l] fg du EA.

Moreover ”(M) f[01 f dp- (M)f(n]f dp.” soulﬁ)F ||(M)f fdu” ||f01 X du” <s, Hence

M) f[O,l] f du€A=A (Ais aclosed set) and proof is complete.

Remark 3.4:
From theorem 2.1 in [8] is obtained any closed convex set is (M) [ - convex.

Theorem 3.2:
Every open convex subset of X is (M) [ - convex .

Proof:

Let A € X be a nonempty open convex set and and f: [0, 1] — X is measurable , McShane integrable function
with f ([0, 1]) cA .Replacing absolute values by norms throughout the usual proof of Lusin’s theorem ,we can
generalize that result to the banach valued case.There exists a compact subset F €2c[0,1] with p(F)>0 such that f is
continuous on F and hence f(F) is a compact subset of A .For every € F, it follows from the local convexity of X that
there exists some convex neighborhood V(f(t)) of f(t) such that V(f(t)) cA ,then we obtain an open covering of f(F).
The compactness of f(F) implies that there exists a finite subcovering .This gives us a finite covering of F with sets of

the form fl(V(f(t)))ﬂF , le.  Fe UK, fYV{E))NF .As u(F)>O sthere exists an element of this covernig
0=f1(V (f(tio)) )NF, with u(F; )>0 . By the theorem 2.5 we have o )(M) fp fdu eco (f(F,O)) CV(f(th)) cA If u(F;,)

1
M(M) f[O.ll-Fio fdu eco (f([O,l -Fio)) CA .Then it follows from

the convexity of A and the interior point theorem that

fd fd AF ) (———— fd
) | fdu=ucEi) (.0)(M) A OUF M | fde A

=1 then proof is complete .Otherwise we have

Theorem 3.3:
Let A c X be a compact set.Then (M) ext; A#Q.

Proof:

Let F be the family of all compact (M) [ - extremal subsets of A .Then F#0 (it contains A ) and it is ordered by the
relation “2” (i.e., for C{,C,€F,C{<C,;&C;DC;) .Every totally ordered subset has an upper bound (its intersection
upper bound) ,then by Zorn’s lemma there is a maximal element E€F .It is sufficient to prove E is a singleton. Suppose

that we can find x;x,EE and x;#x,.There exists x € X such that x° (x1)#x'(x,) .Thus the
E{={X€E:X"(x)= min{x*(x):XEE}} is a compact proper subset of E.We claim that E; is (M) [ - extremal in E ,thus it is
an (M) [ - extremal subsets of A ,this contradicts the maximality of E.If E; were not an (M) [ - extremal subsets of E
,then there exists a measurable McShaane integrable, one-side continuous function f on [0,1] such that f ([0, 1]) cE
and (M) .[[0,1] fdueE; and t,€[0,1] such that f(t))2E; ,ie, x (f(t)))>min{x (x):x€E}.So there is &>0 with
X (f(to))> min{x"(x):x€E} +¢ .The one-side continuity of f imply that there is a >0 such that for every
t€[ty,to+8]<[0,1] we have x"(f(t ))>min{x"(x):x€E} +& .Now, using theorem 2.4 we have
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X" (M)f fdu |=(M) X fdp +(M) X fdp >min{x"(x):xe B
[O,l] [to,t0+8] [0,1]-[tg,t0+8]

Which is a contradiction.

Theorem 3.4:
Let A <X be a nonempty compact convex set .Then (M)ext; A=extA.

Proof:

From theorem 3.3 we have (M) ext; A#® .However from remark 3.3 we have (M)ext; AcextA .So Itis
sufficient to prove ext Ac(M) ext; A .Consider xo€extA and f be a measurable ,McShane integrable one-side-
continuous function with f ([0, 1])cA and (M) f[o 1 fdu =xq . We will prove f([0,1])={x¢} .Suppose that there is

to€[0,1] such that f(ty)#x, .There exists an open convex neighborhood V(f(ty)) of f(ty) such that xo&V(f(ty)) .Since f
is  one-side-continuous,  there exists 5>0 such  that  f([ty,ty+8])cV(f(ty)). Theorem 2.5

L1 _ el 1
implies (M) f[t0,t0+8] fdu €c0 (f([to,to+81)) CV(f(te)) NA and-— (M) f[O,l]-[to,to*'S] fdu €A.
1 1
Now we havexo=8 (5 (M) [, , 5 fdit ) +(1-8) (75 (M) fig 1oy 05 FA ) -
But xp€extA , hence x0=%(M) f[ ]fdpEV(f(to)) NA and so xo€V(f(ty)), this contradicts the fact of

Xo&V(f(to)) -

to,tg+8
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