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 For growing, a tumor must improve its own capillaries system to earn its supply of 

nutrients and oxygen. In this process, an important role is played by endothelial cells; 

they provide the lining for the newly forming blood vessels of the tumor. Moreover, 

angiogenic inhibitors target those cells preventing the tumor from developing its own 
blood vessel system and thus, blocking its growth. By considering the dynamical 

system of flow blood in the body, the angiogenesis process of tumor can be described 

by a system of ordinary differential equation. Based on the amount of the inhibitors, 
one of the earliest mathematical model for describing the tumor growth procedure, was 

formulated by Ergun et al..We introduced a new approach for solving the optimal 

control problem which was based on the linearization properties of measures. First the 
problem was transferred into a theoretical measure one in which the existence of the 

solution is guaranteed. Then by two steps of approximation, the nearly optimal remedy 

is determined, perfectly well, as a piecewise-constant function just from the results of a 
finite linear program. 
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INTRODUCTION 

 

As a matter of fact, some cancer cells are simply not affected by current drugs while others easily generate 

resistant mutations. Even if chemotherapy in cancer treatments shows success initially, since, the medics are 

faced to the drug resistance problem. Hence there is a strong interest in alternate treatments that would not be 

prone to drug resistance [4]. Anti-angiogenesis treatment has been studied since the mid-nineties and is now in 

clinical trials, is a mechanism that offers such a hope for the treatment of tumor cancers [7]. 

A tumor, after it grows to just a few millimetres in diameter, no longer can rely on blood vessels of the host 

for its supply of nutrients and oxygen, but must develop its own system of capillaries. In this process, called 

angiogenesis, an important role is played by endothelial cells which provide the lining for the newly forming 

blood vessels of the tumor. Angiogenic inhibitors, like Endostatin, target those cells preventing the tumor 

fromdeveloping its own blood vessel system and thus blocking its growth. Therefore, we are faced to control 

problem of tumor anti-angiogenic for reducing its volume [2]. 

Although the process properly described by partial differential equations, also low-order approximations in 

terms of ordinary differential equations that are easier to analyze, have been developed. One of the earliest 

mathematical models of this type that has been medically validated was formulated by Hahnfeldt et al. in [5]. In 

this model, the volume of primary tumor cells, p, and the volume of the vascular endothelial cells, e, are 

distinguished and their interactive growth is modelled. Then some extensions have been given by d’Onofrio and 

Gandolfi in [1,11]. The model also in [3] was mathematically simplified by Ergun, Camphausen and Wein as a 

problem of optimal scheduling of anti-angiogenic therapy within an optimal control framework. However, their 

analysis left several questions open and a complete solution to the problem was given by U. Ledzewicz and H. 

Schattler in [8] based on the Principle Maximal Pontryagin. 

Now, in this paper, first we presented another solution method based on the linear properties of measures 

and then two methods were compared. In this manner, in the first method, we briefly introduced the solution 

method that was presented by Ergun et al. and revised by Ledzewich et al.. Then by introducing the new 

approach mathematically, a clinical simulation was done to compare these methods numerically. 
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Tumor Treatment: 

The researchers introduced some of prominent ways of tumor treatment in this section [4]. 

 

Chemotherapy: 

is the treatment of cancer with one or more cytotoxic antineoplastic drugs("chemotherapeutic agents") as 

part of a standardized regimen. Chemotherapy may be given witha curative intent or it may aim to prolong life 

or to palliate symptoms. 

 

Radiation Therapy: 

is the medical use of ionizing radiation, generally as part of cancer treatment to controlor kill malignant 

cells. Radiation therapy may be curative in a number of types of cancer if they arelocalized to one area of the 

body. 

 

Surgery: 

is one the ways that used for treatment of tumor which does not have metastasis. 

 

Targeted therapy or Molecularly targeted therapy: 

is a type of medication that blocks the growthof cancer cells by interfering with specific targeted molecules 

needed for carcinogenesis and tumor growth. 

 

Anangiogenesis inhibitor: 

is a substance that inhibits the growth of new blood vessels (angiogenesis).Some angiogenesis inhibitors are 

a normal part of the body's control, some are administered as drugs, andsome come from diet [4]. 

 

Mathematical model for dynamic of tumor anti-angiogenesis: 

It is assumed that the tumor growth is Gompertzian with a variable carrying capacity. To introduce the 

underlying diffusion of the tumor dynamic, firstly we determined the variables and parameters as below; 

𝑝 𝑡 : Volume of primary tumor cells, 

𝑒(𝑡): Volume of the vascular endothelial cells, 

𝜉: Tumor growth parameter, 

𝐺: Anti-angiogenic killing parameter, 

𝑏: Endothelial stimulation (birth), 

𝑑: Inhibition parameters (death), 

𝑢(𝑡): Angiogenic dose rate (control function of the system). 

    The following equation gives the rate of change in the volume of primary tumor cells 

𝑝 = −𝜉𝑝𝑙𝑛  
𝑝

𝑒
 , 

    Moreover the rate of the changes in the volume of vascular endothelial cells is taken by 

𝑒 = 𝑏𝑒
2

3 − 𝑑𝑒
4

3 − 𝐺𝑢𝑒, 

    By assuming 𝑒 = 𝑥3and 𝑦 =  𝑢(𝑡)𝑑𝑡
𝑇

0
, Ergun et al. model [4] was converted to the following form: 

𝑀𝑖𝑛:    𝑝 𝑇  

𝑆. 𝑡𝑜:   𝑝 = −𝜉𝑝𝑙𝑛  
𝑝

𝑥3 ,   (1) 

𝑥 = 𝑏 − 𝑑𝑥2 − 𝐺𝑢𝑥 , 
𝑦 = 𝑢 . 

Over the set of all Lebesgue measureable functions 𝑢:  0,𝑇 →  0, 𝑎 . The terminal condition is 𝑦 𝑇 = 𝐴. 
 

Analyzing the method of Ergun et al: 

It is shown in [6,12] that for any control u the strip {𝑥 ∈ ℝ: 0 < 𝑥 <  
𝑏

𝑑
 } is positively invariant (i.e. if the 

initial condition x0 lies in (0, 
𝑏

𝑑
), then the solution exists for all 𝑡 ≥ 0, lie in(0, 

𝑏

𝑑
), and the state 𝑝 remains 

positive). However, this region is too large as a set of meaningful initial conditions and it allows having some 

degenerate optimal solutions which we simply prefer to exclude altogether. For this purpose, it is proved that the 

system  𝑎 (corresponding to the control 𝑢 ≡ 𝑎) has an asymptotically stable node at  𝑝0 , 𝑥0 = (𝑥 3, 𝑥 ) where 

𝑥 =
−𝐺𝑎+ 𝐺2𝑎2+2𝑏𝑑

2𝑑
,                (2) 

also for 𝑢 ≡ 0 the corresponding system  0 has an asymptotically stable node at  𝑝0 , 𝑥0 = (
𝑏

𝑑
 
𝑏

𝑑
, 

𝑏

𝑑
). 
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    But the initial conditions,𝑥0, which lie below 𝑥 , are not meaningful medically (see [3,5]) therefore we 

restrict the initial data (𝑝0 , 𝑥0) to lie in the following set 

𝐷 =   𝑝, 𝑥 : 𝑥 ≤ 𝑥 ≤  
𝑏

𝑑
, 𝑝 > 0 .                                                                                                                                     (3) 

 

    In this manner, the solution of the control problem is identified in the following proposition: 

 

Proposition 1: 

For problem (1), there exists a locally minimizing singular arc S defined in (p, x)-space by: 

𝑝 = 𝑝 𝑥 = 𝑥3 𝑒𝑥𝑝  3
𝑏−𝑑𝑥2

𝑏+𝑑𝑥2               (4) 

for 𝑥𝑙
∗ ≤ 𝑥 ≤ 𝑥𝑢

∗ . The corresponding singular control is given in feedback form as 

 

𝑢𝑠𝑖𝑛 = 𝜓 𝑥 =
1

𝐺
 
𝑏−𝑑𝑥2

𝑥
+ 3𝜉

𝑏+𝑑𝑥2

𝑏−𝑑𝑥2 .                                                                                                                   (5) 

 

The function usin  is strictly convex and the values 𝑥𝑙
∗and 𝑥𝑙

∗ ≤ 𝑥 ≤ 𝑥𝑢
∗ , are the unique points where the 

singular control saturates at the upper control limit, i.e. the solutions to the equation 𝜓 𝑥 = 𝑎 in (0, 
𝑏

𝑑
). Let S− 

denote the integral curve of  𝑎  through the upper saturation point (𝑝𝑢
∗ , 𝑥𝑢

∗) of the singular arc for t ≤ 0 until 

the value 𝑥 =  
𝑏

𝑑
 is reached and let S+ denote the integral curve of  𝑎 through the lower saturation point 

(𝑝𝑙
∗,𝑥𝑙

∗) 𝑓𝑜𝑟 𝑡 ≥ 0. Then denote the curve which corresponds to a concatenation of S−with the admissible 

singular arc S and then with S+ by S. The curve S divides the region D into a connected region D0 which lies 

above S and another region Da  which lies below S. Combining the phase portraits of the flows  0 and  𝑎  

with our results on optimal controls we get the following characterizations of optimal controls; (the proof of the 

theorem can be found in [12]). 

 

Theorem 1: 

For an initial condition (𝑝0 , 𝑥0)  ∈ 𝐷0  the optimal control at the beginning takes the value 𝑢 ≡ 0 onan 

interval [0, 𝜏1] and τ1 is the unique time when the integral curve of  0 starting at (𝑝0 , 𝑥0) intersects the curve 

S. Then the optimal trajectory follows the curve S for an interval (𝜏1 , 𝜏4] where τ4 is the unique time when 

𝑦(𝜏1)  =  𝐴. Depending on the value of A and whether the initial portion of the trajectory intersects S at time 

𝜏1in the section S−, S, or S+, there exist times 𝜏2and 𝜏3,𝜏1 < 𝜏2 < 𝜏3 < 𝜏4, such that 𝑢 ≡ 0 on (𝜏1, 𝜏2] and 

(𝜏3, 𝜏4] and u is given by the singular control usin  on (𝜏2, 𝜏3]. (Not all pieces need to be present.) Then the 

optimal control still is 𝑢 ≡ 0 on a final interval (𝜏4,𝑇] and the optimal terminal time T is the unique time when 

the terminal portion of the trajectory satisfies 𝑝(𝑇)  =  𝑥3(𝑇)  =  𝑒(𝑇). 

 

Theorem 2: 

For an initial condition (𝑝0 , 𝑥0)  ∈ 𝐷𝑎  the optimal control immediately takes the value u ≡ a on some 

interval [0, 𝜏2]. It will only switch if the singular arc S is reached before the overall amount of drug is exhausted 

i.e. 𝑦(𝜏2) < 𝐴. In this case, the optimal trajectory then follows S over an interval (𝜏2, 𝜏4] until 𝑦(𝜏4)  =  𝐴 

(possibly including an interval (𝜏3 , 𝜏4]along S+ ). The final portion is characterized as in Theorem1. Degenerate 

sub cases arise if 𝑦(𝜏) = 𝐴 occurs on the initial portion before S is reached. In this case, depending on whether 

𝑝(𝜏) > 𝑥3(𝜏)or 𝑝(𝜏) ≤ 𝑥3(𝜏), either a terminal portion [𝜏,𝑇] with 𝑢 ≡ 𝑎 and 𝑇 described as above is added, or 

the trajectory simply terminates at 𝑇 =  𝜏 . 

 

New method, linearization by measures: 

Embedding method is an efficient method that had been used for solving optimal control problem in two 

recent decades. It is based on the linearization properties of measure and has many advantages like automatic 

existence theorem, converting even the strong no-linear problems into a linear, a known method for determining 

optimal control as a piece wise constant function. At first, we need to introduce some functions and sets for 

presenting solution of control tumor angiogenesis and its treatment. First of all, it is necessary to redefine the 

control problem of anti-angiogenesis treatment as follow. 

Let 𝐽 =  0,𝑇 , with 0 < 𝑇; This is the time interval in which the controlled system will evolve the interior 

of this interval will be denote by J0. 

For 𝑋 𝑡 = (𝑝 𝑡 , 𝑥 𝑡 , 𝑦 𝑡 ), 𝑋: 𝐽 → 𝒜 is an absolutely continuous bounded function, say trajectory, 

𝒜 =  𝑎1 , 𝑏1 ×  𝑎2, 𝑏2 ×  𝑎3, 𝑏3  is a bounded closed and path wise-connected set in ℝ4; such that the 
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trajectory of the controlled system is constrained to stay in set 𝒜 for 𝑡 ∈ 𝐽. Initial and final states of trajectory 

are 𝑋0 ∈ 𝒜 and 𝑋𝑇 ∈ 𝒜 respectively. 

The function u: J ⟶ U, is the control function which is a Lebesgue measurable where U = [0, a]. 

The state equation of the system is expressed as 𝑋  𝑡 = 𝑔 𝑡, 𝑝 𝑡 , 𝑥 𝑡 , 𝑦 𝑡 ,𝑢(𝑡) , where g is a function 

on 𝛺 = 𝐽 × 𝒜 × 𝑈 such that: 

𝑔 𝑡, 𝑝 𝑡 , 𝑥 𝑡 , 𝑦 𝑡 ,𝑢 𝑡  =  −𝜉𝑝𝑙𝑛  
𝑝

𝑥3 ,
1

3
 𝑏 − 𝑑𝑥2 − 𝐺𝑢𝑥 ,𝑢 .                                                                   (6) 

The target functional of our problem is 𝑓0 ≔ 𝑝 𝑇 ≡
1

𝑇
 𝑝(𝑇)𝑑𝑡
𝑇

0
. 

 

Definition:  

We shall say that a trajectory-control pair 𝑃 = (𝑋 .  ,𝑢(. )) is admissible if satisfying in the above and the 

boundary conditions. 

The set of all admissible pairs is shown by W. 

We try to overcome the difficulties that we confront them in this problem and similar problems. For 

example: 

a) The set W may be empty. 

b) Even if the set W is nonempty, the infimumof 𝑓0 over W may not be achieved at element of W. 

c) Even if the set W is nonempty and an optimal pair exists in W, it may be difficult to characterize it. 

d) The optimal pair may be very difficult or impossible to estimate numerically; there are not 

comprehensive computational methods for this purpose. 

Regarding to above problems, we transformed the problem into another appropriate space that can guideline 

us to conquest these problems. Hence, our aim is to find the minimum of (1) in W. This purpose will be 

achieved by transforming the problem into another appropriate space. First of all, we represent our main 

problem as a variation form. Therefore, we follow Robio in [12], characterize the properties of admissible pairs 

as some integral relations. 

Let 𝐵 ⊆ ℝ4 be an open ball containing 𝐽 × 𝒜; we denote by 𝐶′ 𝐵  the space of real-valued continuously 

functions on B such that they and their derivatives are bounded on B. Let 𝜙 ∈ 𝐶′ 𝐵 , and define the following 

function 

 

𝜙𝑔 𝑡, 𝑝, 𝑥, 𝑦,𝑢 = 𝜙𝑥 𝑡,𝑝, 𝑥, 𝑦 𝑔 𝑡, 𝑝, 𝑥, 𝑦,𝑢 + 𝜙𝑡 𝑡, 𝑝, 𝑥, 𝑦 ,          (7) 

 

Note that both 𝜙𝑥 𝑡, 𝑝, 𝑥, 𝑦  and 𝑔 𝑡, 𝑝, 𝑥, 𝑦,𝑢  are n-vector, and the first term in the right-hand side of (7) 

is their inner product. It is simple to show that, 

 

 𝜙𝑔 𝑡, 𝑝, 𝑥, 𝑦,𝑢 𝑑𝑡 = 𝜙 𝑇 − 𝜙(0)
𝐽

≡ 𝛥𝜙.             (8) 

 

Also, suppose 𝔇 𝐽0  be the space of infinitely differentiable real-valued functions with compact support in 

𝐽0. Let 𝜓 ∈ 𝔇 𝐽0 , and define: 

 

𝜓 𝑡, 𝑝, 𝑥, 𝑦,𝑢 = 𝑋𝑗𝜓  𝑡 + 𝑔𝑗  𝑡, 𝑝, 𝑥, 𝑦,𝑢 𝜓 𝑡 ,    𝑡, 𝑝, 𝑥, 𝑦,𝑢 ∈ 𝛺         (9) 

 

where 𝑋𝑗  and 𝑔𝑗  are the component of the vectors 𝑋 and g, respectively. Since the trajectory and control 

functions are an admissible pair satisfy (9) i.e. on 𝐽∘, and the function 𝜓 has compact support in  𝐽∘one can show 

𝜓(𝑡𝑎) = 𝜓  𝑡𝑏 = 0; therefore, 

 

 𝜓𝑗  𝑡, 𝑝, 𝑥, 𝑦,𝑢 𝑑𝑡 = 0
𝐽

.             (10) 

 

For some applications, let consider a subspace of 𝐶(𝛺), denoted by 𝐶1(𝛺), containing all the functions 

which are depended only on the variable t. Thus, for each 𝑓 ∈ 𝐶1(𝛺), we have: 

 

 𝑓 𝑡 𝑑𝑡 = 𝑎𝑓  ,
𝐽

              (11) 

 

where𝑎𝑓  is the Lebesgue integral of 𝑓 𝑡  on 𝐽. Now we can rewrite the problem (1) by considering the 

above relations as follows: 

𝑀𝑖𝑛:    
1

𝑇
 𝑝 𝑇 𝑑𝑡
𝑇

0
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𝑆. 𝑡𝑜:       𝜙𝑔 𝑡, 𝑝, 𝑥, 𝑦,𝑢 𝑑𝑡 = 𝛥𝜙
𝐽

,   𝜙 ∈ 𝐶  𝐵 ; 

 

 𝜓𝑗  𝑡, 𝑝, 𝑥, 𝑦,𝑢 𝑑𝑡 = 0
𝐽

,   𝜓𝑗 ∈ 𝔇 𝐽0 ;  (12) 

  

 𝑓 𝑡, 𝑝, 𝑥, 𝑦,𝑢 𝑑𝑡 = 𝑎𝑓  ,    𝑓 ∈ 𝐶1 𝛺 .
𝐽

 

The basis of embedding process is to change the solution space into a measure space; for every admissible 

pair, w= (X, u), we define a linear, bounded and positive function, Λw , such that: 

𝛬𝑤 :  𝐹 ∈ 𝐶 𝛺 ↦  𝐹 𝑡, 𝑝, 𝑥, 𝑦,𝑢 𝑑𝑡
𝐽

∈ ℝ .                                                                                                                  (13) 

 

Using the injective mapping w ↦ Λw  (see [12,13]) we can represent the problem (13) respect to the 

positive functional as below: 

𝑀𝑖𝑛:    𝛬 𝑓0  
𝑆. 𝑡𝑜:    𝛬 𝜙𝑔 = 𝛥𝜙,         𝜙 ∈ 𝐶  𝐵                                                                                                                                  (14) 

              𝛬 𝜓𝑗  = 0,            𝜓𝑗 ∈ 𝔇 𝐽0  

              𝛬 𝑓 = 𝑎𝑓 ,             𝑓 ∈ 𝐶1 𝛺  

According to the Riesz Representation Theorem, for each linear positive functional like 𝛬𝑤 , there is a 

unique positive Borel measure, 𝜇𝑤 , on Ω such that: 

𝛬𝑤 𝐹 =  𝐹 𝑡, 𝑝, 𝑥, 𝑦,𝑢 𝑑𝜇
𝛺

≡ 𝜇𝑤 𝐹 ,    

𝐹 ∈ 𝐶 𝛺 .                                                                                                                                                                                (15) 
Therefore the problem can be transferable into the space of measures. Now we achieved something deep; 

since the measures are linear, therefore by applying (15), our problem will be changed into linear one respect to 

the unknown measure, 𝜇𝑤 . But, since the mapping 𝑤 ↦  𝛬𝑤  is injection, and induced measure 𝜇𝑤  from Riesz 

Representation Theorem is unique, the mentioned difficulties still holds. To overcome these difficulties, we 

extended the solution space and considered the set of all positive radon measures like µ (not only the measures 

resulted from Riesz Representation Theorem) that satisfying the conditions of the following problem: 

𝑀𝑖𝑛:    𝜇 𝑓0                         𝜇 ∈ 𝑀+ 𝛺 ; 

𝑆. 𝑡𝑜:    𝜇 𝜙𝑔 = 𝛥𝜙,         𝜙 ∈ 𝐶  𝐵 ;                                                                                                                                 (16) 

              𝜇 𝜓𝑗  = 0,            𝜓𝑗 ∈ 𝔇 𝐽0 ;              

              𝜇 𝑓 = 𝑎𝑓 ,             𝑓 ∈ 𝐶1 𝛺 ,     

where𝑀+(𝛺) is the set of all positive radon measures on 𝛺 . 
Assume that Q is the set of all positive radon measures in 𝑀+(𝛺) which satisfy equations of system (16). 

By equipping Q with weak∗ topology, according to the following theorem, existence of optimum measure, μ∗, 

for (16) is proved. 

 

Proposition 2): 

i) The set of measures Q is compact in the topology induced by the weak∗ (star) topology on 𝑀+(𝛺). 

ii) The function 𝜇(𝑓), mapping Q into the real line, is continuous. 

iii) Problem (16) has an optimal solution. 

Proof: i and ii are proved in [9], since each lower semi-continuous function gives its infimum on the 

compact set, by regarding (i) and (ii), (16) has an optimal solution. 

The problem (16) is one of the linear programming; all the functions (objective function and constraints) are 

linear in the variable𝜇 ; furthermore, the measure  μ is required to be positive. But it has infinite number of 

constrains, while the dimension of solution space of problem is infinite too. For simplicity, it is desirable to 

obtain the solution of this problem by solving an finite linear programming problem (even in the approximated 

form). This process is applicable in two approximated steps; first, we chose countable subsets of functions 

whose linear combinations are dense in the appropriate spaces of the constraints. Then by selecting a finite 

number of them, the problem can be transformed into a semi-infinite linear programming. 

We considered the first set of equalities in (16). Let the set {𝜑𝑖 , 𝑖 = 1,2,… } ⊂ 𝐶 ′(𝐵) be such that the linear 

combinations of the functions ϕ
i
’s are uniformly dense (dense in the topology of uniform convergence) in the 

space𝐶 ′(𝐵). For instance, this function can be taken to be polynomials in the components of 

variables,𝑝(𝑡), 𝑥(𝑡), 𝑦(𝑡)and 𝑡. We will select the finite 𝑀1number of these functions. Also we chose 𝑀2 

functions from second set of equalities in (16) in the following forms: 
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𝜓𝑗 = 𝑠𝑖 𝑛  
2𝜋𝑗 𝑡 − 𝑡0 

𝛥𝑡
 ,   

𝜓𝑗 = 1 − 𝑐𝑜𝑠  
2𝜋𝑗 𝑡 − 𝑡0 

𝛥𝑡
 , 𝑗 = 1,2,…𝑀2 . 

    For the third set of equalities, by dividing the time interval into L sub intervals, we introduced the 

characteristic functions as follows: 

𝑓𝑠 𝑡 =  
1         𝑡 ∈ 𝐽𝑠
0         𝑡 ∉ 𝐽𝑠

  , 𝑠 = 1,2,… , 𝑙 

Even, these functions are not continuous, but their linear combinations can approximate each function in 

𝐶1(𝛺) properly well. It must be noted that even the number of constraints are finite, but from the viewpoint of 

the variable space, the problem is still infinite dimensional. 

For the Second step: By assuming 𝑁 = 𝑀1 + 𝑀2 + 1, according to Rosenbloom theorem [12,13], the 

optimal measure 𝜇∗ can be shown as: 

𝜇∗ =  𝛼𝑘
∗

𝑁

𝑘=1

𝛿 𝑧𝑘                                                                                                                                                                   (17) 

where𝛿(𝑧𝑘) ∈ 𝑀+(𝛺) is the unitary atomic measure with the singleton support  𝑧𝑘 =  𝑡𝑘 , 𝑥𝑘 ,𝑢𝑘 ∈ 𝛺  
such that 𝛿 𝑧𝑘  𝐹 = 𝐹 𝑧𝑘 ,𝐹 ∈ 𝐶 𝛺 , 𝑧𝑘 ∈ 𝛺. 

By replacing 𝜇∗ in the (16), it changes into a nonlinear programming problem with unknown coefficients 

𝛼𝑘and 𝑧𝑘 . If we employ a discretization on space 𝛺 and choose the nodes which belong to a dense subset of it 

then one can transfer the problem into a finite linear programming respect to the only unknown coefficients 

𝛼𝑘’s.  

𝑀𝑖𝑛:  
1

𝑇
 𝛼𝑖

𝑁

𝑖=1

𝑝 𝑇  

𝑆. 𝑡𝑜:  𝛼𝑖𝜙𝑖
𝑔 𝑧𝑖 

𝑁
𝑖=1 = 𝛥𝜙𝑖  ,   𝜙𝑖 ∈ 𝐶  𝐵  ,   𝑖 = 1,2,… ,𝑀1 (18) 

 𝛼𝑖𝜓𝑖 𝑧𝑖 

𝑁

𝑖=1

= 0 ,        𝜓𝑗 ∈ 𝔇 𝐽0  ,   𝑖 = 1,2,… ,𝑀2 

 𝛼𝑖𝑓𝑖 𝑧𝑖 

𝑁

𝑖=1

= 𝑎𝑓  ,        𝑓𝑖 ∈ 𝐶1 𝛺  ,   𝑖 = 1,2,… , 𝑙  

      𝛼𝑗 ≥ 0                          𝑗 = 1,2,… ,𝑁 

Based on the mentioned density properties, it was proved that when N, 𝑀1 ,𝑀2, 𝑙 → ∞ then solution of (18) 

will tend to solution of main problem. By solving (18) one can obtain the optimal values of performance index 

(the minimum amount of the tumor volume in the end of the treatment time) and the optimal value of 

coefficients 𝛼𝑘’s. Then, the latest results can help us to set up the suboptimal control function as a piecewise 

constant function, in the way that explained in [11]. Therefore, the optimal treatment of the anti-angiogenic 

remedy can be determined. We remind that we are able to illustrate the suboptimal trajectories, the tumor 

volume and the endothelial cells volume, during the remedy period by solving the mentioned differential system 

of tumor in (1). Numerical results in the next section would help us to explain more. In the following, we show 

the purposed optimal control steps, briefly: 

 

Step1: transfer the problem to integral form, 

Step2: transfer the solution space to measure space, 

Step3: transfer problem to the semi-infinite linear programming (SILP) problem, 

Step4: transfer problem to the linear programming (LP) problem, 

Step5: find the piece wise constant of optimal control. 

 

Numerical solution: 

By regarding (2) we consider the following parameters from [7-10] for our numerical testing of the 

methods: 

𝑎 = 15,𝑇 = 7,   𝜉 = 0.084, 𝑏 = 5.85,𝑑 = 0.00873,  
𝐺 = 0.15, 𝑎1 = 0, 𝑏1 = 18000, 𝑎2 = 0, 𝑏2 = 18000, 
𝑎3 = 0,   𝑏3 = 45,𝐴 = 45, 𝑝0 = 12000, 𝑦0 = 0, 

𝑥0 =  15000
3

. 
We established the linear programming problem as described above for the second method and applied the 

Maple 12 software to solve it by Simplex Method. From the obtained results, the nearly piecewise-constant 

optimal treatment (optimal control) was calculated and plotted in Figure 1. Also, the final tumor volume that 
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obtained from the second method, was 1971.89 mm3, while it was calculated in [7,8] via the first method as 

almost  2900 mm3. We compared the tumor volume and terminal time of two methods in the following tableau. 

 
Table 1 

Method terminal times (in days) Minimum value (mm3) 

By using PMP 11 2900 

By using measures theory 7 1971.89 

 

Absolutely, our method is preferred to the first one since the tumor volume in the terminal time of the 

treatment is less.Optimal control is seen in figure 1. 

 
Fig. 1: Optimal control by using the second method. 

 

Conclusion: 

In this paper, we illustrated a new method of determining an optimal remedy for tumor angiogenesis 

treatment. This method, in comparison to Ledzewicz and et. al’s method, has some advantages such as 

automatically existence theorem, linearization form, global solution, simplicity of computations, less time 

consuming and known way for direct determination of optimal control function. We evaluated the optimal 

control trajectory in the sight of physician with respect to real case. The physician verdict confirmed our piece 

wise constant function of optimal control hat illustrated in Figure 1. Numerical result also shows the efficiency 

of this method in compare the other one. 
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