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 One of the important subjects in the cross-efficiency evaluation that was disregarded 

in the most of previous studies is that, the decision maker (DM) may have an 

optimistic or pessimistic attitude towards the both selecting the elements of cross-

efficiency matrixin the presence of the non-uniqueness of the data envelopment 

analysis (DEA) optimal weights and the aggregation of efficiencies in each row of 

the cross-efficiency matrix. To overcome these shortcomings, this paper by 

obtaining the maximum and minimum cross-efficiency that each of the DMUs can 

achieve, selects the suitable cross-efficiency members from the view point of the 

DM based on intermediate value theorem. The study then applies the desirable 

ordered weighted averaging (OWA) operator weights, which are obtainedfrom the 

two complementary linear OWA (CLOWA) models, for the aggregation process of 

the cross-efficiency matrix. Ultimately, the usefulness of the proposed method is 

demonstrated by using a numerical example. 
 

 

© 2013 AENSI Publisher All rights reserved. 

 

INTRODUCTION 

 

This paper presents a solution to the problem of the non-uniqueness of the data envelopment analysis 

(DEA) optimal weights in the cross-efficiency evaluation by considering the elements of cross-efficiency matrix 

as interval numbers based on intermediate value theorem and applying the different attitudes of decision makers 

(DMs) in the ranking process of the decision making units (DMUs).  

 DEA which was proposed by Charnes et al. [1] is a non-parametric method for evaluating the relative 

efficiency of homogenousDMUs such as bank branches, hospitals, production plants, universities, etc. Ranking 

of the DMUs is one of the important subjects in DEA, and, so far, several methods have been proposed on this 

issue. Some of these methods were reviewed by Adler et al. [2]. Among the ranking methods, the cross-

efficiency evaluation which was issued by Sexton et al. [3] is one of the most significant and effective ways. 

The main idea of cross-evaluation is to use DEA in a peer-evaluation instead of a self-evaluation mode 

(Anderson et al., [4]). In the self-evaluation mode, each of the DMUs can achieve the best possible relative 

efficiency by assigning the most favorable weights to its inputs and outputs, while in the peer-evaluation mode 

each of the DMUs achieves its efficiency using the weights of the other DMUs. There are two principal 

advantages of cross-evaluation: (1) it provides a unique ordering of the DMUs and (2) it eliminates unrealistic 

weight schemes without requiring the elicitation of weight restrictions from application area experts (Anderson 

et al.,[4]) 

In spite of the mentioned advantages, the non-uniqueness of the DEA optimal input and output weights 

decreases the benefit of the cross-efficiency evaluation. As a remedy, Sexton et al. [3] and Doyle and Green [5] 

suggested the aggressive and benevolent model formulations as secondary goals to deal with the issue of the 

alternative optimal solutions. In addition to the benevolent and aggressive formulations, many other secondary 

goals and methods have been proposed by different researchers (Jahanshahloo et al., [6]; Liang et al., [7]; Yang 

et al., [8]). Existing approaches for the cross-efficiency evaluation don’t consider the DM’s optimistic or 

pessimistic attitudes neither in the calculation of the elements of cross-efficiency matrixnorin the aggregation 

process of the cross-efficiency matrix.   

The commonly used approach for the aggregation of the efficiencies in each row of the cross-efficiency 

matrix is aggregation with the ordered weighted averaging (OWA) operator weight vector (1/n,…,1/n) which is 

corresponding to a DM with the neutral attitude. However, the DM may have an optimistic or pessimistic 
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attitude towards the aggregation of efficiencies in each row of the cross-efficiency matrix, while he or she may 

not want to miss any of the cross-efficiency scores of the DMUs in the aggregation process. That is to say, the 

DM may be interested in that the great efficiency scores in each row of the cross-efficiency matrix (in each row, 

these efficiencies are composed of the self-evaluated efficiency of the DMU and the efficiency scores which are 

obtained by the DMUs with an optimistic attitude to the performance of the related DMU) have an important 

role in the overall efficiency of DMUs and vice versa. Up to now, few papers have paid attention to this issue. 

For instance, Wang and Chin [9] recently used the weights of the OWA operator for the cross-efficiency 

aggregation. But, in this method we may lose some of the efficiencies in the overall efficiency score of the 

DMUs for some of the given orness levels.   

To consider the DM’s different attitudes in the cross-efficiency evaluation, this paper obtains the maximum 

and minimum cross-efficiency that each DMU can obtain and then considersthe elements of cross-efficiency 

matrix based on the quality of the DM’s attitude with respect to the cross-efficiency elements.  Also, to consider 

the optimism degree of the DM in the aggregation process of the cross-efficiency matrix, we usethe OWA 

weights of twocomplimentary linear OWA (CLOWA) models (Tohidi et al., [10]). The reason is that these 

models generate a unique OWA weight vector with distinct and positive components for any orness level 

(0,1)  , which is the desirable weight vector for the aggregation process of the cross-efficiency evaluation. 

The rest of this paper is organized as follows: Section 2 explains the cross-efficiency evaluation method, 

and introduces the OWA operator and gives a brief review of the CLOWA models.Section 3, introduces the 

proposed method for the cross-efficiency evaluation. To illustrate the usefulness of the proposed method in 

comparison with the previous results, a numerical example is given in section 4. Ultimately, section 5 concludes 

the study. 

 

Preliminaries: 

In this section, which is composed of two subsections, we present a brief description about the bases of the 

proposed method. In the first subsection, we present a brief summary of the cross-efficiency evaluation method. 

And in the second subsection, we introduce the OWA operator and briefly explain about the CLOWA method 

for generating the OWA weights.   

 

Cross-efficiency evaluation method: 

In productive activities, we assume that there are n DMUs; each one produces different s outputs from m 

different inputs. Input and output vectors for DMUj,  1, ,j J n    denoted by 1( , , )mjj
Tx xjX  and

1( , , )sjj
Ty yjY  . All input and output vectors are semi-positive. That is, 

1( , , ) 0, 0T
mjjx x  j jX X and 1( , , ) 0, 0.T

sjjy y  j jY Y  

The cross-efficiency method consists of the following steps:  

In step 1, the efficiency score of each DMUk  ( 1, , )k J n   is obtained by solving the following 

fractional programming problem, (the input-oriented CCR model): 

 

1 1max | 1, 1, , , ,
TT
KK

K KT T
K K

jk
s mkk

jk

j n   

       
    

U YU Y
U 1 V 1

V X U X
                                           (1)                        

where KU  and KV  are the input and output weight vectors of DMUk, respectively. And ( 0)  is a non-

Archimedean infinitesimal constant. Also 
kk  represents the efficiency score of DMUk. 

       There is total flexibility in choosing the input and output weights in model (1). This issue allows DMUs 

to assign the best values for the individual input and output weights and thus achieve the most efficiency score. 

But total freedom in choosing the weights may cause some problems. Evaluating many of the DMUs as efficient 

units is one of the resulted problems. Various methods have been proposed to reduce the effects of total freedom 

of the weights. Cross-efficiency evaluation as one of these methods tries to reduce the effects of total freedom of 

weights by considering both the self-evaluation and the peer-evaluation efficiency scores in the evaluation 

process of the DMUs. The Self-evaluated and the peer-evaluated efficiency of the DMUs are as follows: 

Suppose 
* *( , )k kU V  be the optimal weight vector of model (1),  

*

*

T

k k
kk T

k k

 
U Y

V X
                                                                                   (2) 

kk in equation (2) represents the self-evaluated (CCR) efficiency of DMUk and  
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*

*

T

k j

jk T

K j

 
U Y

V X
 1, , ;j J n j k                                                    (3) 

jk in equation (3) shows the cross-efficiency of DMUj using the optimal weights of DMUk, and indicates 

the peer-evaluation of DMUk to DMUj,  1, , ;j J n j k   (Wang and Chin, [11]). 

 In step 2 after solving model (1) for n DMUs, the CCR efficiencies and the cross-efficiencies of n DMUs 

are entered to a cross-efficiency matrix (Table 1). 

 
Table 1: Cross-efficiency matrix for n DMUs 

 

 DMU1 DMU2  DMUn 

DMU1 
11  12   

1n  

DMU2 
21  22   

2n  

          

DMUn 
1n  2n   

nn  

 

Finally, the average of all , 1, ,jk k n    will indicate the overall efficiency score for DMUj

 1, , ;j J n    and n DMUs can be ranked according to their related overall efficiency scores. Under the 

alternative optimal weight vectors of model (1), the elements of Table 1 are not constant and may alter. 

Therefore, the overall efficiency score and the assigned ranks to the DMUs may also vary. This issue reduces 

the usefulness of the cross-efficiency evaluation method. 

 

OWA operator and CLOWA models: 

The OWA operator which was issued by Yager [12] is a mapping : n

wF R R  that has an associated 

weighting vector 
1 2( , ,..., )nW w w w  having the properties  

1 2 1; 0 1, 1,...,n iw w w w i n        

and such that                                              

1 2

1

( ) ( , ,..., )
n

w w n j j

j

F X F x x x w y


 
          

(4) 

with
jy being the jth largest of the 

ix [13]. The degree of “orness” associated with this operator is defined 

as [13]:                

1

orness( ) .
1

n

j

j

n j
w w

n





 


                                                                     (5) 

 

Recently, Tohidi et al.[10]proposed the complementary linearOWA weight determination models as 

follows:  

1
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1
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and 
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(7) 

The proposed models (6) and (7) for any  belong to intervals[0,0.5]  and [0.5,1]  generate a unique 

optimal weight vector with positive and distinct components, which is the desirable OWA weight vector for the 

aggregation process of the cross-efficiency matrix. 

In the next section, we will use the OWA weights of models (6) and (7) for the cross-efficiency evaluation 

method.  

 

Cross-efficiency evaluation in the presence of DMs’ different attitudes: 

Traditional approaches for the cross-efficiency evaluation do not consider the DM’s subjective preferences 

neither in fixing the elements of cross-efficiency matrix in the presence of the non-uniqueness of the DEA 

optimal weights nor in the aggregation process of the cross-efficiency matrix. To overcome the mentioned 

drawbacks, we offer to fix the elements of cross-efficiency matrix by selecting a value of all ranges of the cross-

efficiency of the DMUs according to DM’s optimism degree. We also propose to use the OWA weight vectors 

of CLOWA models for the aggregation process of the cross-efficiency matrix. The reason is that the CLOWA 

models by generating optimal OWA weight vector with positive and distinct components for any [0,1]  , 

cause none of the cross-efficiency scores of the DMUs are ignored in the overall efficiency of the DMUs.  

With more detail the proposed method is presented in the following steps:  

1) We solve model (1) for all the DMUs and obtain the CCR efficiency of each of the DMUs. 

2) Using the optimal value of model (1) for DMUk, k =1,…,n, we solve the following two models: 

max | 1, 1,..., , , 1 , 1 , 1,..., , ,
t tt
jU t k

jk kkt t t
tj k

t n t k j n j k   
         

        
U Y U YU Y

V X V X
U V

V X
   (8) 

and 

min | 1, 1,..., , , , 1 , 1 , 1,..., , .
t tt
jL t k

jk kkt t t
tj k

t n t k j n j k   
         

        
U Y U YU Y

U
X

V
V X V V X

   

(9) 

According to the intermediate value theorem, each value of the interval number [ , ]L U
jk jk  can be considered 

as peer-evaluation of DMUk to DMUj. Furthermore, all secondary goal models assign a value of the interval 

number [ , ]L U
jk jk  as peer-evaluation of DMUk to DMUj.  

3) To present the ranks of the DMUs in the presence of the optimistic or pessimistic view (attitude) of the 

DMs, we replace each of the elements of cross-efficiency matrix by 

 

( ) (1 )U L
jk jk jk

        

where  shows the optimism degree of the DM.If 0.5  , it means that the DMhas optimistic 

attitude and wants to choose the great efficiency scores from the interval [ , ]L U
jk jk  as the cross-efficiency 

score of DMUs. If 0.5  , it means that the DM is neutral and he/she has the tendency to select the 

middle of the interval [ , ]L U
jk jk   as the peer-evaluation of DMUk to DMUj. If 0.5  , it means the DM is 

conservative and prefers to pay more attention to the small values as the peer-evaluation of DMUk to DMUj.  

 Table 2, illustrates the cross-efficiency matrix in accordance with the quality ofviewpoint of the DM. 
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Table 2: Cross-efficiency matrix for n DMUs 

 DMU1 DMU2  DMUn 

DMU1 
11( )   12( )    

1 ( )n   

DMU2 
21( )   22( )    

2 ( )n   

          

DMUn 
1( )n   2( )n    ( )nn   

 

4) For the aggregation process in the cross-efficiency Table 2, after arranging the elements of each row in 

descending order, according to the orness degree of the DM, the weight vectors of models (6) and (7) are used. 

In the next section a numerical example illustrates the applicability and usefulness of what were mentioned.  

 

Numerical example: 

In this section, we will consider a case of six nursery homes as an example which was primarily expressed 

by Sexton et al. [8]. Table 3 reports the relevant input and output data for a given year. These two inputs and 

three outputs are defined bellow: 

StHr (x1): staff hours per day, including nurses, physicians, etc. 

Supp (x2): supplies per day, measured in thousands of dollars. 

MCPD (y1): total medicare-plus medicaid-reimbursed patient days (0000). 

PPPD (y2): total privately paid patient days (0000) [6]. 

 
Table 3: Input and output data for six nursing homes 

DMUs 
Inputs Outputs 

StHr (x1) Supp (x2) MCPD (y1) PPPD (y2) 

A 1.50 0.2 1.40 0.35 

B 4.00 0.7 1.40 2.10 

C 3.20 1.2 4.20 1.05 

D 5.20 2.0 2.80 4.20 

E 3.50 1.2 1.90 2.50 

F 3.20 0.7 1.40 1.50 

 

By applying steps 1 and 2 to the given data in Table 5, we obtain the interval cross-efficiency matrix which 

is illustrated in Table 4. 

 
Table 4: Interval cross-efficiency matrix for 6 DMUs 

 A B C D E F 

A [1, 1] [0.5, 1] [0.71, 1] [0.29, 1] [1, 1] [1, 1] 

B [0.29, 1] [1, 1] [0.27, 0.86] [0.65, 1] [1, 1] [1, 1] 

C [0.5, 1] [0.29, 0.83] [1, 1] [0.41, 1] [0.83, 0.83] [0.83, 0.83] 

D [1, 1] [1, 1] [1, 1] [0.7, 1] [0.41, 1] [0.2, 1] 

E [0.23, 0.98] [0.69, 0.98] [0.41, 0.97] [0.88, 0.98] [0.98, 0.98] [0.98, 0.98] 

F [0.29, 0.87] [0.71, 0.87] [0.33, 0.8] [0.58, 0.87] [0.87, 0.87] [0.87, 0.87] 

 

To present the rank of the DMUs under the different optimism levels of the DM,we consider 0.1  ,

0.3  , 0.5  , 0.7  and 0.9  which are related to pessimistic, neutral, and optimistic 

attitudes.In order tofurther explain, the cross-efficiency matrix corresponding to the DM with the degree of 

orness 0.7is illustrated as follows:  

 
Table 5: Cross-efficiency matrix for 6 DMUs corresponding to the DM with the degree of orness 0.7 

 A B C D E F 

A 1 0.85 0.913 0.787 1 1 

B 0.787 1 0.683 0.895 1 1 

C 0.85 0.668 1 0.823 0.83 0.83 

D 1 1 1 0.91 0.823 0.76 

E 0.755 0.893 0.802 0.95 0.98 0.98 

F 0.696 0.822 0.659 0.783 0.87 0.87 

 

After arranging the elements of each row of the cross-efficiency matrixes in descending order, the 

following OWA weight vectorsof Table 6 are used to aggregation process of the cross-efficiency matrixes.  
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Table 6: Optimal weight vectors of models (6) and (7) for different orness levels 0.1, 0.3, 0.5, 0.7, 0.9,  and n=6  

0.1  0.3  0.5  0.7   0.9  

1 0.014w   1 0.0429w   1
1
6w   1 0.3571w   1 0.785w   

2 0.028w   2 0.0857w   2
1
6w   2 0.2143w   2 0.071w   

3 0.042w   3 0.1286w   3
1
6w   3 0.1714w   3 0.057w   

4 0.057w   4 0.1714w   4
1
6w   4 0.1286w   4 0.042w   

5 0.071w   5 0.2143w   5
1
6w   5 0.0857w   5 0.028w   

6 0.785w   6 0.3571w   6
1
6w   6 0.0429w   6 0.014w   

 

Table 7 represents the assigned ranks to each of DMUs under the above mentioned optimism degrees of 

orness. 

 

Table 7: Ranks of DMUs under different orness levels 

DMUs 

Optimism degree  of the DM 

0   0.1  0.3  0.5  0.7   0.9  1  
DMUs’ ranks 

A 1 1 1 1 1 1 1 

B 4 2 4 3 3 3 1 

C 1 3 5 5 5 4 1 

D 6 6 2 2 2 2 1 

E 5 5 3 4 4 5 5 

F 1 4 6 6 6 6 6 

 

By contrasting the results of Table 7, we comprehend that under the above considered orness levels, all the 

DMUs obtain distinct ranks. In all cases the highest rank is assigned to DMU A, while the lowest rank assigned 

to DMU F. However, if the DM is interested to pay more attention to the lower cross-efficiency scores in each 

row of the cross-efficiency matrix, he or she will assign the lowest rank to DMU D instead of DMU F. Of 

course, the differences in the assigned ranks to each DMU arise from the different optimism levels of the DM, 

not from instability in the cross-efficiency matrix. This issue gives much more certainty to the DM according to 

his/her attitudesin the ranking processof DMUs.  

Table 8 illustrates the disagreements and the agreements in the results of our proposed method with the 

other methods. 

 
Table 8: Comparisons between the proposed method and the other methods 

Methods 

DMUs 

A B C D E F 

DMUs’ ranks 

Cross-efficiency – benevolent 1 4 5 1 3 6 

Liang et al.’s methods [6] 1 4 5 1 3 6 

Proposed method 0.3  1 4 5 2 3 6 

       

       

Cross-efficiency – aggressive 1 2 5 2 4 6 

Proposed method 0.5  1 3 5 2 4 6 

Proposed method 0.7   1 3 5 2 4 6 

Proposed method 0.9  1 3 4 2 5 6 

       

CCR 1 1 1 1 5 6 

Proposed method 1  1 1 1 1 5 6 

       

Jahanshahloo et al.’s method [5] 1 5 2 3 4 6 

 

As it can be seen from Table 8, in the presence of the different secondary goals, the ranks of DMUs B, C, D 

and E are not unique and may vary. Moreover, the assigned ranks to DMUs B and D by the aggressive cross-

efficiency model [4] and to DMUs A and D by the benevolent cross-efficiency model [4] or Liang et al.’s 

method [6] are not distinct. However, our proposed method by considering the DMs’ optimistic/pessimistic 

attitudes with respect to the cross-efficiency of the DMUs in the evaluation process presents the unique and 

distinct rank to all the DMUs. All the methods assign the highest rank to DMU A and the lowest rank to DMU F 

(except the proposed method in the case of 0  and 0.1 ). The ranking of the DMUs by the optimistic or 
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neutral DM and the aggressive cross-efficiency method are nearly the same. Furthermore, the assigned ranks to 

the DMUs by the pessimistic DM with the orness level of 0.3  are similar to the assigned ranks by the 

benevolent cross-efficiency method. As expected, the ranking of the DMUs by the CCR model [3] and the 

proposed method with 1  are exactly the same.   

 

Conclusion: 

This paper have paid special attention to considerthe optimistic/pessimistic view of the DMs both infixing 

the elements of cross-efficiency matrix in the presents ofthe non-uniqueness of the DEA optimal weights and in 

the aggregation process of the cross-efficiency matrix.Therefore, the study has overcome the shortcomings of 

the previous studies in considering the DMs’ special attitudes in the cross-efficiency evaluation. The proposed 

method has assigned the unique and distinct rank to all of the DMUs. Finally, to illustrate the efficacy of the 

new method, a numerical example has presented.  
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