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ABSTRACT

Rainfall and streamflow forecasts are needed in planning water resource systems. This paper presents a
method of multivariate forecasting with the ability of modeling streamflow and rainfall of a basin mutually
in a probabilistic manner. The proposed model benefits from geostatistical analysis in virtual fields to
characterize the stochastic characteristics of forecast variables by producing conditional distribution of the
predicted values for different hydro-climatic conditions. Semivariogram and crossvariogram functions can show
the structure of correlation between dependent and independent variables. The distance parameter in those
functions is known as distance between predictors the proposed method of this study has shown great ability
in modeling and forecasting nonlinear hydrologic events in a real case study. The model was applied to
forecast seasonal rainfall and streamflow in the Zayandeh-rud Basin, in Iran. The proposed method results are
compared with k-nearest neighbor (K-NN) and artificial neural networks (ANNs) models. The results show
acceptable advantages of proposed model in forecasting of hydro-climatic predicted variables.
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Introduction 

Forecasting hydrological variables is an
interesting issue in the field of water resources
engineering. Hydrological forecasting, helps making
better decisions in the case of facing with the
extreme states of a hydrological system, such as
floods and droughts. The economic value of a
hydrological forecast is a direct function of forecast
accuracy and reliability. Clearly, more accurate and
more reliable forecasts are more valuable in terms of
economic and social aspects. As far as modeling
techniques are concerned, hydrological forecasting
models are divided into two categories: conceptual
and data-driven models. Recently, Bravo et al [3]
and Srinivasulu and Jain [15] have dealt with
comparison of conceptual and data driven models in
hydrological forecasting. Bravo et al [3] reported on
the performance of two medium-range streamflow

forecast models:  a data driven multilayer feed-
forward artificial neural network; and a conceptual
distributed hydrologic model. Srinivasulu and Jain
[15] applied a conceptual model that uses the Green-
Ampt method to model infiltration, time area method
to translate rainfall input in time and a nonlinear
reservoir for flood routing in the Kentucky River
basin. In terms of mapping function, hydrological
forecasting models are divided into two categories:
univariate and multivariate models. The term of
multivariate forecasting may be expressed as a
process, which tries to map multiple independent
variables to a single dependent variable [4].
However, in this study, what it is meant by
multivariate forecasting is the process of mapping
multiple inputs to multiple outputs through a single
model. The dependent variables in a multivariate
estimation model could be either a single variable,
which vary spatially on a field or multiple variables,
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which are mutually correlated. Multivariate
forecasting is of significant in dealing with the
decisions, which are related to the multiple indices.
Multivariate estimation of hydrological variables is
applied in weather generation models, drought
predictions models, and flood warning models [18].
Salas et al [10] have discussed multivariate time
series models such as multivariate order one Auto
Regressive, AR(1), model. Yates et al [18] used K-
NN to generated three variables of rainfall, minimum
and maximum temperature at a time. Forecasts could
also be recognized as point forecasts and probabilistic
forecasts. There are many researches, which discuss
about measuring of predictive uncertainty. The
methods presented by Sharma [14], Piechota et al.
[9], Araghinejad and Burn [2] are examples of
producing a continuous probability function of
univariate predicted values in hydrological
forecasting. This paper discusses and applies models,
which could be used as multivariate forecasting
models such as K-NN and ANNs. Furthermore, a
new method based on a geostatistical model is
presented, which takes into account the strong
uncertainty and correlation typically affecting rainfall-
streamflow relationships. The proposed method is
applied at the Zayandeh-rud river basin in Iran. It is
validated by comparing some relevant experimental
and statistical models as well as historical
observations. The remainder of the paper is
structured as follows. After introduction, the
conventional models as well as the model proposed
in this study are presented. The next section presents
the case study and the data used in this paper. How
the models are applied to the real case study is
presented in the next section. The results of applying
the models in the case study are presented and
thoroughly discussed in another section. The paper
ends with a summary and conclusion. 

Methodology and Models:

Let Z be a vector of v dependent variables and
P{p1, p2, ..., pm}, an m-dimensional vector, be its
predictor. A multivariate forecasting model tries to
map the following function:

          (1)( ) ( ) 1, ,i i iE Z f P e i n   

Where E(Z)= expected value of the dependent
variable, n = number of calibration data sets, =
vector of  mapping error, and f is a deterministic
forecasting function. Three models for multivariate
forecasting are discussed and compared in this paper.
The first model is an artificial neural network (ANN)
model for multivariate forecasting; the second model
is a K-nearest neighborhood regression model, and
the third model is a model based on a new approach
of using geostatistical method for multivariate

hydrological forecasting. 

Artificial Neural Network Model: 

The application of the artificial neural networks
in hydrology has grown fast in the recent decades.
The ANN approach is an effective and efficient way
to model forecasting problems. Three- layer feed-
forward networks are known as the networks, which
are capable to approximating any continuous input-
output mapping. Multi-layer feed-forward network
uses supervised training procedure that consists of
providing input-output examples to the network and
minimizing the error function E, which is expressed
as follows;
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Where n= number of input/output data sets, and

      and      = the observed and forecasted outputpZ


pZ

of the pth set respectively. In back propagation (BP)
training method, E is minimized using the steepest
descent method.

K-Nearest Neighbour Model:

Hydrological variables can be predicted based on
historical patterns. The current condition can be
related to historical hydrological patterns, which are
used to produce streamflow forecasts. This approach
has been used in statistical non-parametric regression
methods. K-NN is based on this approach and has
been widely used in hydrological forecasting. The K-
NN method searches the similarity (neighbourhood)
between the most recent observations and K similar
sets of observations chosen from an adequately large
training sample. K-NN has been applied by many
researchers such as Karlsson & Yakowitz [5], Lall &
Sharma [7], Toth et al [16], Sharif and Burn [12],
Araghinejad et al, [1] in the field of hydrology.
Although K-NN method does not produce a
probability distribution function of the predictants, it
can potentially produce  forecasts  in a probabilistic

manner. For  each  instant  t, let          (j=1,2,3,…,jP  

number of observed data) be an m-dimensional
feature  vector  of  past records. To estimate depend

variable in time t,      , the K-NN method imposestZ

a metric on feature vectors to find the set of K past

nearest neighbors of         . The K vectors of pastjP  
observations are obtained that have the minimum
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norm among all candidates. The distance between the
current and historical condition is calculated by the
Mahalonobis distance [18] between current and
historical predictors. The Mahalonobis distance, for
a m-dimensional feature vector, is calculated as

      (3)1( ) ( )T
i t i t t id P P C P P  

Where T represents the transpose operation and

     =inverse of the covariance matrix. The forecast1
tC

is then obtained as a weighted average of the nearest
neighbors, such that greater weight is assigned to the
nearer neighbors. A kernel function proposed by Lall
& Sharma [7] defines the weights, which leads to a
K-NN regression estimate of:
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Where i is the order of the nearest neighbors in
which the nearest have the lowest order (i=1 to K),

and        is the magnitude of nearest neighbor i. tZ 

The Proposed Model of this Study:

The goal of the methodology presented here is
to use the mutual information among a number of
hydro-climatic predictors to enhance both accuracy
and precision of forecasts, and to allow for
probabilistic forecasting of a number of dependent
interrelated variables. The idea behind this model
comes from the system of equations usually applied
in Geostatistics. The extended use of geostatistics in
hydrological event forecasting has been used by
Araghinejad and Burn [1], and Araghinejad et al [2].
Where, all of the previous studies have been used in
univariate forecasting, the method presented in this
study is developed for the specific use of multivariate
forecasting. According to equation 1, to model v
dependent variables, v virtual field is considered in
which the coordinates of all of them is defined by
the m-dimensional predictors. Consider the dependent
variables, Zs, as properties of these fields. N
observed input-output pairs turns into measurement
points in the virtual field. The location of each point
in these fields is defined by specific values of the
predictors (Figure 1). The local coordinates of this
variable is determined by the associated predictors.
Like every statistical method, the basis for the
estimation of unknown variables is derived from the
correlation functions. The functional description of

the spatial structure of the above-mentioned virtual
field is defined by two functions of semi-variograms
and cross variograms. The following equation shows
a general form of a cross-variogram, which turns into
a semi-variogram in case that u=w.
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Where       = an experimental cross-variogram/ˆ
uw

semivariogram between dependent variables v and w;
m(h)= number of observations which lay in the
distance  of   h  from   each  other  based  on  the

coordinates of the predictors field; and        = the( )u iz P

observed  dependent  variable  of  type  u,  in  the

location     of the virtual field. iP

Then the unknown variable of     associatedˆuz
with the location B is calculated as 
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P is the location of the unknown variable which

is defined as                              where      1 2, , ,r r rmB p p p  rqp

is the real-time observation of the qth predictor.
Coefficients of λ s in equation (7) are calculated by
the following system of equations, which satisfy both
unbiasedness and minimum variance of the
estimation. 
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for all           1,2,...,w v

where                cross / semivarogram  between( , )lw i jP P 

variables l and w calculated for locations Pi and Pj,

and                cross  / semivariogram   between( , )uw jP P 

variables u and w for locations Pj and the location
with unknown variable, P,  ψw= additional variable
known as lagrangian coefficients. Solving equation
(9) gives the coefficients, λ, which are inserted into
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Fig. 1: The schematic platform for the proposed method of forecasting.

equation (7) to estimate         . As it is understood( )uz P


from equation (9), the calculation of λ need the
values of theoretical crossvariograms and variograms.
The experimental crossvariograms and variograms are
fitted by theoretical ones to be used in the above
equation. 

In a probabilistic approach, the forecast variable
is estimated as a probabilistic variable where
uncertainty is associated to the estimated variable to
reflect the degree of reliability about the prediction.
This kind of forecasting is different from the
conventional point forecasts where a best estimation
is reported as a deterministic variable.  Probabilistic
forecasting is useful in systems, where our limited
knowledge of physical process raises an uncertainty
within the decision making process.

Following the system of equation of (8) and (9),
the variance of each unknown variable at location P
can be calculated by the following equation. 
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Estimation of the conditional probability
distribution provides the basis for the probabilistic
forecasts.

At a location P, a predicted variable, Z(P), could
be treated as a random variable with a mean value
obtained by equation (7), and a variance derived by
equation (10). If the distribution of Z(P) is normal,
one can assume that the distribution for each pair of
locations is also normal. In practical problems, the
distribution might be Z(P) is inaccessible. The
algorithmic procedure of forecasting by the proposed
method is summarized through the following steps:

Identify v dependent variables and m independent
variables in the forecasting problem.

Transform the dependent variables to a standard
normal distribution if necessary.

Use the predictors to define the axes of v virtual
field in which the observed dependent variables
(recorded data) are assumed as measurement points
in the specific field and the coordinates of these
points are indicated by the predictors.

Use variography for the observed points of the
fields and fit theoretical crossvariogram and
semivariogram models to the experimental ones.

Use the theoretical crossvariogram and
semivariogram models to solve the system of co-
Kriging equations assuming the predicted variable as
the unknown value. Estimate the mean and variance
of the predicted variable at the non-measurement
point. The location of the non-measurement point is
considered by the real time predictor values.  

Form a normal probability distribution function
for the unknown variable with the mean and variance
calculated in step 5. Obtain different values of the
predicted variable with different probabilities of
exceedence.

Back transform the forecast values from the
normal distribution to the associated real value.

Case Study:

Zayandeh-rud River is the main surface resource
for water demands in the central part of Iran,
especially the Isfahan metropolitan area. Long-term
multivariate forecasting of rainfall and streamflow in
Zayandeh-rud is of significant in forecasting annual
droughts in this region. Obviously, the worst drought
occurs and continues when both streamflow and
rainfall reach critical values. Zayandeh-rud reservoir
inflow is 1460 million cubic meters, annually. The
entire basin receives an average 212 millimeters
rainfall annually. The climate of the basin may be
influenced by large-scale climate signal of El Nino
Southern Oscillation (ENSO) as demonstrated by
Araghinejad et al [2]. Monthly inflow data to
Zayandeh-rud reservoir for the 29-year period from
1970 to 1998 are used in this study. It is understood
by the statistical analysis that at least a 3-month
period (October to December) of observation is
needed for an appropriate estimation of
hydrolclimatological situation of the basin. Southern
Oscillation Index (SOI), a well-known index of
ENSO, as well as observed inflow and rainfall from
October to December are used as predictors of the
sum of 9 months inflow to the reservoir and basin
rainfall as two dependent variables. The correlation
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between basin rainfall and inflow to the zayandeh-rud
reservoir can be demonstrated by the scatter plots.
These correlations are dealt with in the forecasting
models as described in the next section. 

Results and Discussion 

The results of applying the methods of
forecasting are shown in Figure 2 and Figure 3 for
streamflow and rainfall, respectively.  The results are
shown for both the calibration and validation data
sets. The statistical performance of the identified
models is summarized in Table 1. As shown in Table
1, the GBMF results have the smallest %VE in both
rainfall and streamflow forecasting. In the streamflow
forecasting, the minimum RMSE was obtained for
the ANN model, while GBMF has the minimum
RMSE in the rainfall forecasting. The maximum
CORR is for the results of GBMF for both variables.
It is of interested to find out the ability of a
forecasting model in performing during extreme
events of dry and wet years. In this study the
performance of the models are investigated
considering 10 dry years and 10 wet years separately.
The dry and wet years are selected based on a

% boundary over the average recorded data as
the normal values. The performance of the models
based on different criteria is presented in Table 2 and
Table 3 for the wet years and dry years, respectively.
As shown in Table 2, the GBMF model is good at
wet year forecasting. It is understood by the results
obtained for both rainfall and streamflow data.  As
far as forecasting dry years is concerned, MLP
outperforms other models in both streamflow and
rainfall forecasting. The normal distribution is
conditioned on the values of the predictors. Results
of GBMF presented in Figure 2 and Figure 3 are
used as the best estimate of forecast values, which
are the mean values of a normal distribution function
at each point. The variance of this distribution is
calculated by equation (4). 

Summary and Conclusion:

This study presents an approach for making
multivariate forecasts based on multiple predictors.
GBMF uses several predictors to forecast several
predicted values and quantifies forecast uncertainty
through the estimation variance of each variable. In
the case of medium-term historical data, the error of
point estimation and probabilistic forecast of GBMF
is less than for the nonparametric K-NN method, and
ANN method, which use a similar data set. GBMF
is capable of producing continuous conditional
probability distribution functions of the predicted
values and is capable of considering inter correlation
between dependent variables. A secondary objective
of this paper was to investigate the performance of
the proposed model in a real case study. For this
purpose, GBMF as well as two models of ANN an
K-NN were applied to forecast streamflow and
rainfall in the Zayandeh-rud river basin in the central
part of Iran. The results of forecasting by three
different models demonstrated the supremacy of the
presented approach in predicting rainfall and
streamflow. According to the experiment of mapping
three predictors to two depending variables, GBMF
could model the inherent complexity of the
hydroclimatic events of the region, better than two
other models.  However, GBMF and K-NN use
similar concept of nearest neighbourhood in their
prediction process, GBMF in contrast with the
conventional K-NN use variable number of
neighbours as it determines the contributing
predictors dynamically, based on the changing
distance between the real time predictors and
historical predictors in a virtual field. This avoids
smoothing the predicted variables because of dealing
with unnecessary neighbours as might occur in the
prediction forecast by the conventional K-NN. Also
in contrast with K-NN, GBMF could produce the
standard deviation of forecasts, explicitly. Although,
the concept of ANN and GBMF is quite different in

Table 1: Cross validation results of three forecasting models.
Models Streamflow rainfall

----------------------------------------------------------------------- -------------------------------------------------------------
RMSE %VE CORR RMSE %VE CORR

K-NN 72.8 18.6 0.40 11.2 28.7 -0.20
ANN 56.9 26.8 0.56 8.9 31.5 0.20
GBMF 57.3 14.2 0.69 7.5 17.9 0.61

Table 2: Cross validation results of three forecasting models in wet years
Models Streamflow rainfall

------------------------------------------------------------------------- -------------------------------------------------------------
RMSE %VE CORR RMSE %VE CORR

K-NN 150.8 22.1 0.79 20.2 20.1 -0.16
MLP 134.9 18.1 0.81 17.5 17.9 0.45
GBMF 116.9 16.7 0.85 11.3 12.5 0.59
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Fig. 2: The observed streamflow versus forecast streamflow (units are million cubic meters).

Fig. 3: The observed rainfall versus forecast rainfall (units are millimeters).
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Table 3: Cross validation results of three forecasting models in dry years.
Models Streamflow rainfall

--------------------------------------------------------------------- ------------------------------------------------------------
RMSE %VE CORR RMSE %VE CORR

K-NN 127.3 32.5 0.51 18.6 32.0 -0.34
MLP 76.7 29.7 0.45 11.5 25.7 0.13
GBMF 100.7 26.5 -0.23 12.0 21.0 0

the process of forecasting, they can be compared in
terms of ability in dealing with the number of
observation. The results demonstrated that in a case
like Zayandeh-rud river basin with about 30
observations, GBMF has produced forecasts that are
more reasonable. Furthermore, it should be stressed
that in contrast with the ANN, GBMF is capable of
producing forecast uncertainty through estimating
standard deviation of each individual forecast. The
forecasting approach is useful for conditioning a
water resources related outlook, particularly where
there is either a strong relationship in the climate
signals and local climate variability or highly
anomalous antecedent conditions in the hydrological
state of the basin. The expected outcome of the
approach is to improve the risk-based decisions
related to tolerant water resources conditions of the
basin.  
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